Psaapl.

OCHOBHBIE OIIPEIECTCHUS.

Omnpenenenne. Cymma 4YieHOB OCECKOHEYHOW YHCIOBOH  IOCIIEIOBATEIHLHOCTH
Uy, Uy,..,U,, ... HA3IBACTCS YHCIOBBLIM PAJAOM.

U Uy + o, =D U,
n=1

[Tpu 3TOM ymcna u,,u,,... OynemM Ha3bpIBaTh WICHAMH Psijia, a Uy — OOLIMM YWICHOM psfa.

n
Onpenenenue. Cymmel S, =u, +u, +...+u, :Zuk, n = 1, 2, .. Ha3pIBAKOTCA
k=1

YACTHBIMHU (YACTHYHBIMHM) CYMMAaMHU psija.

Taxum o0pa3om, BOZMOKHO pacCMaTpUBaTh MOCIEI0BATEIILHOCTH YaCTUUHBIX CYMM psija
S1, Sz, .., S, e

o0
OHDeIleJIeHI/Ie. P?II[ u, + u, +...+ u, +...= z u, Ha3bIBACTCA CXOAAIIUMCH, CCJIN
n=1

CXOOUTCA MOCIACAOBATCIBHOCTD €0 YaCTHBIX CYMM. CyMMa cxoadameroca psaga — mIpeaci
MOCJICAOBATCIIBHOCTHU €TI0 YaCTHBIX CYMM.

imS, =S, S=>u,.

Onpenenenne. Ecau MOCJICHOBATCIIBHOCTE YACTHBIX CYMM psaa pacXoAUTCsdA, T.C. HC
HMECT Npeacia, NWin UMECT OECKOHEUHBINI npeaci, To pAa HA3bIBACTCA PACXoAAIMMCH 1 €EMY HC
CTaBSAT B COOTBETCTBHE HUKAKOM CYMMEI.

CBoiicTBa PAIOB.

1) CXOI[I/IMOCTI) HJIN PACXOAUMOCTD psiia HE HAPYIIHUTCA €CJIN U3MCHUTD, OT6pOCI/ITI> NN
I[O6aBI/ITB KOHCYHOC Y1 CJIO YJICHOB pAaa.

2) Paccmotpum n1Ba psiaa Zun u Z Cu, ,rne C — IOCTOSHHOE YUCIIO.
Teopema. Eciu pso Zun CXO0UMCs U e20 cymma pasHa S, mo pso ZCun mooice

cxooumesi, u eco cymma pasna CS. (C #0)

3) PaccmoTpuMm nBa psna Zun u Zvn . CymMMoii iy pa3HOCTBIO 3TUX PSAOB Oyaer
Ha3bIBATHCS P Z(un +v, ), rae 3JeMEeHTHI MOJYyYeHBI B PE3yJbTaTe CI0KEHUS (BBIYUTAHUSA)
MCXOJIHBIX 3JIEMEHTOB C OJJTMHAKOBBIMH HOMEPaMHU.

Teopema. Ecnu psov Zun u Zvn CXOO0AMCS U UX CYMMbL PABHbI COOMEENMCMBEHHO S U

o, mo psi0 Z(un +v,) moowce cxooumcs u e2o cymma pasua S + o.

Z(un +vn):Zun +Zvn =S+o

Paznocmoe 08yx cxooswuxcs psoos makaice 6yoem cxo0auuMcst psoom.
Cymma cxooswe20cs u pacxoosaue2ocs paoos Oyoem pacxoosauumcs psaoom.
O cymme 08yX pacxo0awuxcs psoos oouezo ymeepicoeHus coelamnb Heab3sl.



[Ipu n3yyeHun psA0B pElIatOT B OCHOBHOM JIBE 3a/1a4M: MCCIIEIOBAaHNUE HA CXOAUMOCTh U
HAaXO0XJICHUE CYMMBI psia.

Kpurepuii Konu.
(HEO0OXO0IMMBIC U JOCTATOYHBIC YCIIOBUS CXOJAMMOCTH Ps/Ia)

Hns mozo, umobbl nocie006amenbHOCmy a,,d, ,...,d, ... 0blia cxoosuelics, Heobxooumo

u docmamouno, umoobwl 0ns a0bo2o € >0 cywecmegosan maxou Homep N, umo npu n > N u
aobom p >0, 20e p — yenoe wucio, 8bINOIHALOCH Obl HEPABEHCMEO

a —a

n+p

Ll<e.

Chopmynupyem kputepuii Kouru ans psana.

D
Hns mozo, umobvr pao u, +u, +...+u, +...:Zun Obll  CX00AWUMCA HEOOX00UMO U

n=1
docmamouno, ymoobwl 05 1t0bo2o € >0 cywecmeosan nomep N maxou, umo npu N>N u 1r060M
p>0 6vinoansnocy Ovl HepaseHcmeo

u +u +...+u

n+l n+2 . n+p

<E€.

OpHako, Ha MPAaKTUKE MHCIIOJIB30BaTh HEMOCPEACTBEHHO KpuTepuil Kommu He oueHb
y1o0Ho. ITo3TOMY Kak MpaBiI0 HCHOJB3YIOTCS O0Jiee MPOCThIe IPU3HAKU CXOAUMOCTH:

1) Ecnu psin Zun CXOAMTCSI, TO HEOOXOIMMO, YTOOBI OOLTNI UIeH Uy CTPEMUIICS K HYIIIO.

O}IHaKO, 9TO YCJIOBHUC HEC ABJIACTCA AOCTATOYHBIM. MoxHO TOBOPUTH TOJIBKO O TOM, 4YTO €CJIH
O6H.IPII>1 WICH HEC CTPECMUTCA K HYJII0, TO PAA TOYHO pACXOAUTCA. HaHpI/IMep, TaK Ha3bIBa€MbII

0
FapMOHI/ILIeCKI/II\/'I paa Z— ABJCTCA PACXOOAIIUMCHA, XOTA €ro O6HII/II>1 YICH U CTPEMUTCA K

n=1 1
HYJIIO.
I 2 n
IIpumep. Uccnenosars cXoquMOCTb psiia —+—+—+...+ +
2 5 8 3n—1
o . n . 1 1 .
Haiinem lim = lim =—#0 - HeoOXOIMMBII PU3HAK CXOJUMOCTH HE BBIMOIHIETCS,

n—w — N n—w 1
3n—-1 3
n
3HAYUT PSIJT PACXOAUTCS.

2) Ecnu psig cxoauTesi, TO MOCIEI0BaTEIbHOCTh €I0 YaCTHBIX CYMM OIpaHUYEHA.
OpHaKo, STOT MPU3HAK TAK)Ke HE SBISETCS JOCTATOYHBIM.

Hanpumep, psax  1-1+1-1+1-1+ ... +(-1)™'... pacxoamres, T.K. PacxomguTCs
MIOCJIEIOBATEIEHOCTD €r0 YaCTHBIX CYMM B CHITY TOTO, UTO

s 0, mpu uemHnvix n
" \l, npu Heuemmvix n

OpnHako, Mpy 3TOM IOCIEN0BATENBHOCTh YAaCTHBIX CYMM OTPaHHWYEHa, T.K. |Sn <2 mpu

JIFO00OM N,

PSIIH:I C HCOTpHUIIATCIIbHBIMHY YJICHAMU.




[Ipn wu3y4yeHHH 3HAKOMOCTOSIHHBIX PSIOB OrPAHUYUMCS PACCMOTPEHHEM pSAOB C
HEOTPUIIATEIIbHBIMU YJIEHAMHU, T.K. MPU MPOCTOM YMHOXEHUU Ha —1 M3 3TUX PSJIOB MOXKHO
MOJIYYUTH PSIJIbI C OTPULATENILHBIMU YJICHAMHU.

Teopema. /[na cxooumocmu paoa Zun ¢ HeOMpuUYaAMenbHbIMU YIeHAMU HEe0OX00UMO U

docmamowo, umoobvl YacmHwle CYMMbl pﬂda Ovlau OZcPpAHUYEHbL.

HDI/I3HaK CpaBHCHHUA PAAOB C HCOTPUILIATCIbHBIMHU YJICHAMMU.

ITycTh manbl ABa psiga Zun u Zvn pu Uy, Vp =0.

Teopema. Eciu U, < Vv, mpu ar00oM N, TO U3 CXOAUMOCTH psiaa Zvn Cleayer

CXOAUMOCTD psaa Zun , d U3 paCXOIUMOCTH psaa Zun CJICAYCT paCXOAUMOCTD psaa Zvn .

1 1
[Ipumep. UccnenoBaTh HA CXOTAUMOCTh PSIT —— + —— + ...+ —— +...
—Pep. P2 T3 Inn

1

1 1 . 1
T.Kx. — > —, a rapMOHUYECKUN pAL Z— pacxomguTcs, TO PaCXOIAUTCS U PL Z on
n n

Inn n

1

o0
[Ipumep. MccrnenoBats Ha CXOIUMOCTD PST z

n=1 nzn
1 1
T.x. Y < oY a psn Zz—n cxoauTes ( Kak yObIBaroIiasi reOMeTpUYecKasi Iporpeccus), To psij
0
—— TOXE CXOAUTCHL.
n=l1 n2

Taxxe HCIIOJIB3YCTCA CJ'IC)IyTOH.IPIfI MNPU3HAK CXOOUMOCTH.

Teopema. Eciu u, >0, v, >0 u cywecmsyem npeoden lim “* = 4, 20e h — uucno,

n—o0 Vv
n

OMAUYHOE OMm HYJs, MO Psobl Zun u Zvn 6€0ym 0OUHAKOBO 8 CMbLCIE CXOOUMOCHIU.

IIpusnak Jlanambepa.
(OKan Jlepon danam6ep (1717 — 1783) — dpaHILy3CKUil MaTeMaTHK)

Ecnu ons psaoa Zun C NOJIONCUMENbHbIMU YTleHaMU cywecmayem makoe uucio (<1,

ymo 0Jis 6cex 00CMAamMouHo 6oabUUX N BLINOAHSAEMCS HepaeeHcmeo

uiH—l < ,
u

n

mo pso Zun cxooumcest, eciu duce 0 8cex 00CMAMOUHO OOIbLUUUX N GLINOIHAEMCSL YCI08UE

u
"_“21’

u

n
mo pso Zun pacxooumcsi.
[Ipenenpublil npusHak JanamoOepa.




[Ipenensublii mpusHak Jlamambepa sBisieTCSl CIEICTBHEM U3 NPUBEIACHHOTO BBIIIE
npu3Haka J[amamoOepa.

Ecnu cywecmeyem npeoen lim Yo _ p, mo npu p <1 pao cxooumcs, a npu p > 1 —

n—>0 u
n

pacxodumCﬂ. Ecnu P = ], mo Ha eonpoc o CXOOUMOCHIU OMBEEMUMb Helb35l.

[Ipumep. OnpeaenuTs CXOAUMOCTh psaa z 2nn .
n=1
1
n n+l u (n+12" n+l 1T
U, =—7> U = 00> lim —= = lim +1 = = n:_<1
2" 2" ooy onoe 20 2n 2 2

BeiBOa: psip cxonutcs.

1 1 1
[pumep. OnpeneauTs CXOAUMOCTS psiaa 1+ F + 5 +..+ o +...

n! ) 1

I 1 lim Xt

T ; =0<1
(D ey,

e (n+1)l e 41
BriBo: psig cxoauTces.

ITpu3uak Komm. (pagukaiabHbIA IPU3HAK)

Ecnu ona paoa Zun ¢ HeompuyamenbHulMU YleHamu cyujecmeyem makoe yucio Q<l,

umo 0151 6cex 00CMamo4yHo OoabUUX N GbINOAHACCS HepaeeHcmeo
n\/ un S q 1

mo  pso Zun cxooumces, eciu e O 6cex O00CMAMOYHO Ooavuwux N GbINOAHACINCA

HepaseHcmeo
fu, =1,

mo ps0 Zun pacxooumcsi.

Caeacreue. Eciu cymectByer npeaen lm %/u, =p, 1o npu p<l pag cxoaurcs, a mpu
n—>0

p>1 psin pacxoauTces.

= (2n® +1)
[pumep. OnpenenuTs CXOAUMOCTD Psiaa Z Snz—sj )
n=1 n-+
, 24 -
lim 7 u = 2n” +1 _h n _Z 1
n—>o0 n—> 31’!2 +5 o 5

BriBoa: psig cxoaures.

[Ipumep. OnpeaenuTs CXOAUMOCTD psiaa Z(l + l] .
n

n=1



lim 2/u, =lim(1+lj=1.

n—>0 n—>0 n

T.e. npusnak Komm He gaer oTBeTa Ha BOMPOC O CXOAUMOCTH psiaa. [IpoBepuM BBINOIHEHUE
HEOOXOMMBIX YCIOBUH cXOaUMOCTH. Kak OBIIIO CKa3aHO BBIIIE, €CIU PSII CXOIUTCS, TO OOIIUiA
YJICH psAJia CTPEMUTCS K HYJIO.

n—>0 n—>0 n

TaKHUM o6pa30M, HeO6XOI[I/IMOC YCJIOBUE CXOOAUMOCTHU HE BBIIIOJIHACTCA, 3SHAYUT, pAOd PaCXOAUTCH.

lm u, :lim(l+l) =e#0,

WnaTterpanpusiil npusHak Kommn.

Ecnu ¢(x) — nenpepuvignas nonosxcumenvuas @ynkyus, youlearowas Ha NpoMed Cymie

0

[1;00), mo psio p(1) + @(2) + ..+ o(n) + ... = Z(p(n) U HecoOCMBEHHbLIL UHMeSPal I(p(x)dx
1

n=1

O00UHAKOBbL 8 CMBICAE CXOOUMOCU.

1 1 1
[Ipumep. Pan 1+2—a+3—a+...+n—a+... cxogurea npu o>l m pacxoaurcs o<l T.K.

o0
. . dx
COOTBETCTBYIOIINI HECOOCTBEHHBIM MHTErpal J.—a cxoaures npu o>1 u pacxoaures a<l. P
X
1

=1
Z o Ha3bIBACTCA OﬁmerapMOHI/I‘IeCKHM pAAOM.
n=1 1

CaencrBue. Ecnmu f(X) u ¢(x) — HenpepsiBHble GyHKIMH Ha wuHTepBasie (3, D] u
o )

b b
0(—) =h, h#0, TO UHTErpaibl I f(x)dx n J.(p(x)dx BeIyT ce0si OJIMHAKOBO B CMEICIIE
x=a+0 (p(x ;

CXOOAUMOCTH.

a

3HAKOIIEPEMCHHBIE PSJIEL.

3HaKOYEPEAYIOIIUECS PSAJIEL.

3HaKOuEePENYIOLIUIACS P MOXKHO 3alIUCATh B BUJIE:
n+l
U, —u, +uy —u, +...+ (D" u, +..
rne u, >0, n=123,..

[Tpusznak JleiiOHuIA.
Ecnu y snaxouepedyrowezocs paoa u, —u, +us —u, +...+(=1)""u, +... abcomommuvie

genuuunvl Ui yOui8arom u, >u, >u; >... U 00wull uien cmpemumces k wyao u, —> 0, mo psao
CX00UMCHL.
AGCONIOTHAS M YCIOBHASL CXOJIUMOCTB DSLIOB.

PaccmoTpuM HEKOTOPBIN 3HAKOTIEPEMEHHBIN Psif (C WiICHAMH TPOU3BOJIBHBIX 3HAKOB).

ul+u2+...+un+...22un (1)
n=l1



U PSJl, COCTaBJICHHBIN 13 a0COIIOTHBIX BETMYMH WICHOB psna (1):

n=1

u

n

()

| + |y |+ +

un

Teopema. /3 cxooumocmu psioa (2) credyem cxooumocms psoa (1).
Onpenenenue. Psn Zun Ha3bIBACTCS A0COJMIOTHO CXOMSIIUMCS, CCIIU CXOJTUTCS P

u,.

O‘-IGBI/II[HO, 4TO JIA 3HAKOIIOCTOSHHBIX PAJOB IMOHATHA CXOAUMOCTH H a0COIIOTHOM
CXO0JUMOCTH COBIIaJaroT.

Onpeneenue. PHI[ Zun HAa3bIBACTCA YCJIOBHO CXOAAIIMMCSH, €CJIM OH CXOOUTCA, a PO

2

u,| pacxoauTcs.

IIpusnaku IIaJIaM6epa n Koy Jiy1s 3HaKONIEpEMEHHBIX PSIO0B.

ITycTp Zun - 3HAKOIIEPEMEHHBIN PSI.

. |u
Mpusnak Janambepa. Ecnu cymectyer npenen lim [~ = p, 1o npu p<l psax Zun

n—® u
n

Oyner abcoNoTHO cxoasmumMmcs, a pu p>1 psn Oynmer pacxomsmmumcs. [Ipu p=1 npusHak He
JTaeT OTBETa O CXOJAUMOCTH psJa.

Hpuznak Komm. Ecnu cymectByer npeaen lim %/ un| =p, 1o npu p<1 psn Zun Oyner

a0CoOIOTHO cxoasmuMmcst, a ipu p>1 psan Oynmer pacxomsmumcs. Ilpu p=1 npusHak HE naer
OTBETa O CXOJAMMOCTH psija.

CBolicTBa a0COIIOTHO CXOISAIINXCS PIOB.

1) Teopema. /[na abconromuoi cxooumocmu psoa Zun HeobXo00uMo u 00CMamoyHo,

umoodbl €20 MOJNCHO ObLI0 NPedCmasums 6 6ude PA3HOCMU 08YX CXOO0AUUXCS PAO08 C
HeompuyamenbHblMU YiIeHAMU.

CaeacrBue. YCIOBHO CXOJAIIMICS AL SBISETCS PA3HOCTBIO IBYX PAaCXOIAIINUXCS PSAIOB
C HEOTPHULATEIbHBIMU CTPEMSALIUMHUCS K HYIIO YJIE€HAMM.

2) B cxoasmieMces psaae ar06asi TPYNIUPOBKA YWICHOB Psifia, HE U3MEHSIIOIIAs MX MOPSIKa,
COXpaHsET CXOJUMOCTb U BETTUUUHY Psa.

3) Ecnu psan cxonutest abCOMOTHO, TO PAJT, TOTYYSHHBIA U3 HETO JIFOOOH MepecTaHOBKON
YJIEHOB, TAK)Ke a0COFOTHO CXOIUTCS U UMEET TY K€ CyMMY.

HCPGCTaHOBKOﬁ YJICHOB yCHOBHO cXoAIerocs psma MOXXHO HOHy‘-II/ITb yCJIOBHO
CXOIIAIIUNACS P, IMEIONTUI JTI00YI0 Halepe.l 3aIaHHYI0 CYMMY, B JIa)Ke PACXOSIITUICS P,



4) Teopema. [Ipu 11060t 2pynnuposke uienos abCcouomuo CXo0aume20cs paoa (npu 3mom
Yucno epynn moogicem Oblmb KAK KOHEUHbIM, MAK U OECKOHeUHbIM U YUCNO Y1eHO8 8 Zpynne
Modicem Oblmb KAK KOHEUHbIM, MAK U OECKOHEeUHbIM) NOAYHUAemcs CXOOAUWULCS PO, CYMMA
KOMOPO20 PABHA CYMMeE UCXOOHO20 PAOd.

o0 0
5) Ecnu psiast Zun u Zvn CXOZATCSI A0COIIOTHO U UX CYMMBbI PaBHBI COOTBETCTBEHHO

n=1 n=1

S ¥ G, TO psld, COCTaBIEHHBII U3 BCEX NMPOM3BEAECHUN BUIA u,V,, i,k =12,... B3ThIX B KaKOM

YTLOJHO TOPSIKE, TAKXKE CXOIUTCS aOCOJIFOTHO U €ro CyMMa paBHA S-0 - MPOU3BEIACHHUIO CyMM
MIePEMHOKAEMBIX PSIJIOB.

Ecnn ke mpou3BOAUTH MEPEMHOKEHUE YCIOBHO CXOJSAILIMXCS PSIOB, TO B PE3ysbTaTe
MO>KHO TTOJTYYUTh PACXOSAIIHICS PSII.

CDVHKLII/IOHaJIBHI)IG HOCIACAO0BATCIABHOCTH.

Onpenenenue. Ecim wienamu psga Oynyr He uucia, a (YHKOHA OT X, TO PsX
Ha3bIBACTCS PYHKIHMOHATBHBIM.

HccnenoBanne Ha CXOAUMOCTh (YHKIHMOHAJIBHBIX PSIOB CIOXKHEE MCCIEIOBAHUS
YUCIOBBIX pAnoB. OnMH W TOT K€ (YHKIMOHATIBHBIA PSS MOXKET IMPH OJHUX 3HAYCHUSX
IIEPEMEHHOM X CXOIWTBhCSA, a NpU APYTHX — pacxoauTbes. [loaToMy Bompoc cxogumocTu
(YHKIIMOHAJIBHBIX PSII0B CBOAUTCS K ONPEJEICHUIO TEX 3HAUEHUIN MTEPEMEHHOM X, IPU KOTOPBIX
PAL CXOIUTCH.

COBOKYNHOCTb TAKMX 3HAYEHUI HAa3bIBAETCS 00JIACTHIO CXOAUMOCTH.

Tak kak mpenenoM KaxaoM (yHKIMH, BXOJfIIEeH B 00NacTh CXOJUMOCTH psla, SBISETCS
HEKOTOpPOE YHCIIO, TO MpeAesoM (PYHKIMOHAIbHOW MOCIEA0BATEIbHOCTH OyAeT SBIATHCS
HEKOTOpasi GyHKLUA:

£ =1im £, (x)

Onpenenenue. [Tocaenoarenprocts {f(X)} exoaures k pyukuuu f(X) Ha orpeske [a,b],
ecau st mo6oro yucna €0 u MO0l TOYKM X U3 PacCMaTPUBAEMOro0 OTpE3Ka CYIIECTBYET
Homep N = N(g, X), Takoii, 4TO HEpaBEeHCTBO

[f()= /()] <e

BBITIOJTHsIETCsT Tipu N>N.

[Tpu BeIOpanHOM 3HaueHuu €>0 Kak01 Touke oTpeska [a,b] cooTBeTcTBYET CBOI HOMED
W, CIIeJI0BaTeIbHO, HOMEPOB, COOTBETCTBYIOIIMX BCEM TouykaM oOTpe3ka [a,b], Oymer
OecurcIieHHOe MHOKECTBO. Eciii BBIOpaTh U3 BCEX 3THX HOMEPOB HAHOOJBIIHIA, TO 3TOT HOMEP
Oy/eT ToANUTRCS TSI BCeX Touek oTpeska [a,b], T.e. Oyaer oOmmm aiist Bcex Touek.

Omnpenenenue. [Tocnenorarensuocts {fn(X)} paBHoMepHO cxonutcest k GyHkimu f(X) Ha

orpeske [a,b], ecim mms moGoro umcna €>0  cymecrByer Homep N = N(g), Takoii, 4to
HEpPaBEHCTBO

[f ()= f,(0)|<e

BhIMOJIHsIETCs Tpu N>N 11 BceX To4yek oTpeska [a,b].

sin x sin2x sin nx
[Ipumep. PaccMOoTpuM mociie10BaTeIbHOCTh L

geeey geee

2 n



JlaHHas MOCJIE0BATEIbHOCTh CXOIUTCS Ha BCel unciioBoit ocu k pynkiuu f(X)=0, T.k.
. sinnx
lim

n—0 n

=0, —o<x<ow®

[Toctponm rpaduku 3TO# MOCIETIOBATEILHOCTH

. sin Sx
SINX
5
H\ 1 —ne
-~ 0.5 s
\J N\ ANV Y
N e /0. 5 N’
sin 2x i ~ : ~
e’ 1 - ——
2
KaK BHUIHO, HpI/I YBGHquHHH gucia n Fpa(l)I/IK IIOCIICI0BATCIIBHOCTU HpI/I6JII/I)Ka€TC$I K
OCH X.

CDVHKLII/IOHaJII)HI)IG PAABI.

Onpenenenne. YacTtHbIMM (YACTHYHBIMM) CYMMaMM (YHKUHOHAJIBHOTO psija

Zun (x) HasbIBaroTCA PyHKIMU S, (X) = Zu (x), n=12,..

n=1 k=1

0
Onpenenenne. OyHKIHOHAIBHBIN Psij Z”n (x)Ha3pIBacTCS CXOAAIIMMCH B TOYKE

n=1

(XZXO), €CIM B J3TOM TOYKE CXOJMTCS IIOCIEAOBATEIBHOCTh €ro YacTHBIX CyYMM. Hpenen

o0
nocye0BaTenbHocTH {S, (x,)} Ha3bIBAacTCs CyMMOI psja ZMn (x) B TOUKE X).

n=1

Onpenenenne. COBOKYMHOCTh BC€X 3HAUEHUH X, JUISI KOTOPBIX CXOAMUTCS psij

0
Zun () Ha3bIBaeTCA 00/1aCTHIO CXOAMMOCTH PsJa.

n=1

Omnpenesenue. Psn Zun(x) Ha3bIBACTCS PABHOMEPHO CXOASIIIMMCS Ha oTpeske [a,b],

n=1

€CJIM pPaBHOMCPHO CXOAUTCA HAa 3TOM OTPEC3KC MOCICAOBATCIIbHOCTh YaCTHBIX CYMM 3TOT'O psa.

Teopema. (Kputepuii Ko paBHOMepHON CXOAUMOCTH psiia)

0
s pasnomepHoll cxooumocmu psoa Zun (x) He0bx00UMO U docmamoyHo, Ymobsl 05

n=1

moboeo uucia €0 cywecmeosan maxou nomep N(g), umo npu n>N u mobom yerom p>0
HepageHcmeo

u, (xX)+u, ,(x)+...+u

n+p

(x)<e



8bINOIHANOCH OblL 0151 6cex X Ha ompeske [a,b].

Teopema. (IIpuznak paBHOMepHOI cxonumoctu Beliepurpacca)
(Kapn Teomop Bunsrensm Betiepmirpace (1815 — 1897) — HemMenkuii MaTeMaTHK)

[22)
Pso Zun (x) cxooumces pasnomepno u npumom abcomomuo na ompeske [a,b], ecau
n=1
MOOYIU €20 4YNIeHO8 HA MOM e Ompe3Ke He NPesoCcX00am COOMEEemMCmeyIowux YileHo8
€X005U4e20C5 YUCTI08020 PAAO0A C NOJLONCUMENbHBIMU YIeHAMU

M, +M,+..+M, +...
m.e. umeen Mecmo HepaseHCcmaeo.

un(x)|£Mn.

0
Eme roBopsaT, 4to B 3TOM ciy4yae (DYHKIIMOHAIBHBIA psia Zun (x) mamopupyercs

n=1

o0
YHCJIOBBIM PAIOM ZMn .

n=1

n ot =\ COSnX
pumep. HMccienoBaTh Ha CXOIUMOCTD PsiJl 2—3

n=l1
coSnx 1
Tak xax |cos nx| <1 Bceraa, TO O4EBUIHO, YTO |———| < — -

I’l3 n

o0
[Ipm 3TOM U3BECTHO, YTO OOIIETaPMOHUYCCKUI PSIJT Z—a npu a=3>1 cXomuTcs, TO B
n=1
COOTBETCTBUU C pHU3HAKOM BeliepuiTpacca ncciaenyemMblid psigi paBHOMEPHO CXOJTUTCS U IPUTOM
B JIIOOOM MHTEpPBAJIE.

0 xl’l
H[ZI/IMC[Z I/ICCJ'ICI[OBaTL Ha CXOJUMOCTH pHI[ 2—3 .
n=1 n

n

Ha otpeske [-1,1] Bbinonnsercs HepaBeHCTBO |—{<—- T.e. MO NpusHaKy Beifepmrpacca Ha

n n

3TOM OTPE3Ke UCCIICTyEeMbIH PsiJi CXOJUTCS, @ Ha MHTepBaiax (-oc, -1) U (1, oc) pacxoaurcsi.

CBOMCTBa PAaBHOMEPHO CXOJISIIUXCS PIOAOB.

1) Teopema 0 HENIPEPHIBHOCTU CYMMBI psJIa.

Ecnu unenvt psioa Zun (x) - Henpepuisuvie na ompeske [a,b] dynxkyuu u pso cxooumes

n=1

pasHomepho, mo u eco cymma S(X) ecmv nenpepwisnas Gynrxyus ha ompeske [a,b].

2) Teopema 0 MOYJICHHOM MHTETPUPOBAHUU Psijia.

Pasnomepro cxooswuiics na ompesxe [a,b] pso ¢ nenpepvisnvivu unenamu modncHo
NOYNEHHO UHMEeZPUPOBAams HA dIMOM ompe3Ke, m.e. psaod, COCMAGIEHHbII U3 UHMe2Palos Om e20
unenos no ompesky [a,b] , cxooumes k unmeepany om cymmor psoa no smomy ompesxy.



B o B
[Yu,)dx=" Ju,(x)dx, o.pela.b]

o =1 n=l g

3) Teopema o nouieHHOM auGEpPEHIIUPOBAHUN Psi/a.

0
Ecnu unenvr psaoa Zun (x) cxoosyezocs na ompeske [a,b] npeocmasnsiom coboi
n=1

HenpepuleHble QYHKYUU, umMeroujue HenpepvleHbvle NPoUu3Bo0Hble, U Ps0, COCMABIEHHbIU U3 IMUX

o0
NPOU3BOOHBIX Zu; (x) cxooumcea na smom ompesKe pagHOMEpHO, MO U OAHHBIU PO CXOOUMCSL
n=1

DPABHOMEPHO U €20 MONHCHO qubgbepenuupoeamb NOYIeHHO.

_Z 0 (x) = Zdu (%)

Ha ocHOBe TOro, 4T0 CyMMa psijia sIBISETCS HEKOTOPOW (DYHKIIMEH OT MEpEeMEHHOM X,
MOKHO TPOM3BOAMTH ONEpAIMI0 MPEACTAaBICHUS Kakod — nubo (yHKUMHM B BUOE pAla
(pa3noxkeHus: (QYyHKIMHM B PsijI), YTO HMMEET INUPOKOE NPUMEHEHUE IPH HHTETPHUPOBAHMUH,
muddepeHIIMPOBAaHUY U APYTUX JNEUCTBUAX ¢ PYHKLIUAMU.

Ha nmpaxTuke yacTo nmpuMeHseTcsl pa3iokeHue (pyHKIUI B CTETIEHHOW PSiI.

CreneHHble PAAbL.

Omnpenesenne. CTeneHHbIM PHAAOM HA3bIBACTCs P BUA

0
2 n _ n
ay+ax+a,x" +..+a,x" +..= Y a,x

Jns wucciaenoBaHUsT HAa CXOAMMOCTh CTEMEHHBIX PSIOB yIOOHO MCIHOIB30BaTh MPU3HAK
Hanambepa.

2 3 n

X X X
H[!I/IMG[Z. HccnegoBaTh Ha CXOAUMOCTh pan x + ? + ? +...+—+..
n

[Tpumensiem npusHak Jlanambepa:

n+l

X
]jm”n_+1:]jn~lﬁ |xn|: X —|.
ool Yy n—>m ﬁ n—)wn+1| 1+l
n n

[Tosrydaem, 4TO 3TOT psiA CXOIUTCS IPU |x| <1u pacxoaurcs npu |x| >1.

TenepL ONpeaACIMM CXOOAUMOCTDB B 'PAaHUYHBIX TOYKaAX 1u-1.

I[Ipu x = -1: —1+%—§+%—... psan cxoautcs mo mnpusHaky Jlei6numa Ilpm x = 1:

1 .
1+ > + 3 +...+—+... paa pacxoauTcs (TapMOHUYECKHIA PS).
n

Teopemsl Abend.

(Hunbe Xenpuk Abens (1802 — 1829) — HOpBEKCKHUIT MAaTEMATHK)

o0
Teopema. Eciu cmenennoii psio a, +a,x+a, x> +...+a x" +...= > a x" cxooumes npu
0 1 2 n n
n=0

X = X1, mo OH cxooumes u npumom abcontommuo 0ns 6cex |X| < |X1|.



CaencrBue. Ecnu npu x = x1 psij pacXoaUTCs, TO OH PACXOIUTCS ISl BCEX |x| > |x1| .

Takum 00pa3oM, Ui KaXJIOTO CTETEHHOTO psla CYHIECTBYET TAaKOE€ IOJIOKUTEIBHOE
qyuciao R, 4To mpu Bcex X Takux, YTO |x| < R psan abCoNIOTHO CXOAMUTCS, a NIPU BCEX |x| > Rpsn

pacxomutcs. Ilpu 3TomM umcio R HasbiBaeTcs paamycom cxoaumoctu. Hutepsan (-R, R)
HA3bIBACTCSI HHTEPBAJIOM CXOMMOCTH.
OTMeTHM, 9TO ATOT UHTEPBAJI MOXET OBITh KaK 3aMKHYTBIM C OJJHOW WJIH JIBYX CTOPOH,
TaK U HE 3aMKHYTHIM.
Paguyc cxomumocTr MOKeT OBITh HaifieH 1o (hopmMyIie:
R = lim| %=L
n—>®0 an

2 3 n
X
[Ipumep. Haiitu 061acTh CXOMUMOCTH psifia X + o +—t .+

3 n!
1
Haxoaum paguyc cxogumoctu R = ]jm|a"‘1| = lim (n =1t = hm| e | = hm|n| = |oo|
n%w‘ a n—> l n—)oo| (l’l — 1) || n—»o
n!

CreoBaTenbHO, JAHHBIM PAJ CXOAMTCS IMPHU JIFOOOM 3HadYeHMH x. OOIMIA 4iIeH 3TOTo psja
CTPEMUTCS K HYIIIO.

n

lim 2 = 0.

n—® pl

TeOEeMa. Ecnu crenennon paa Zanx” CXOAUTCA IJIA IMOJOXKUTCIIbHOI'O 3HAYCHUSA X=X1

-

, TO OH CXOAUTCS PaBHOMEPHO B JTFOOOM IIPOMEXKYTKE BHYTPHU (—|xl ;

JIeficTBHS CO CTENIEHHELIMHU PSIaMH.

1) UuTerpupoBaHue CTENEHHBIX PSAA0B.

o0
Ecmu HEKOTOpPasa q)YHKHI/IH f(X) ONpCACIIICTCA CTCIICHHBIM pﬂ,[[OM: f(X) = Zanx" , TO UHTCTpall
n=0

OT 3TOM (YYHKIIMM MOYHO 3alMCaTh B BUJIE PAA:

[£Gdc =[S a,x"de = z fa,x"de = Z

n=0 n+1

+1+C

2) AnddepennmpoBanne cTeneHHbIX PSiI0B.

[TpousBoaHas GyHKIMH, KOTOpask ONPEAEINseTCsl CTETIEHHBIM PSIOM, HaXOIUTCS 10 hopMyJe:

f'(x)= Za x" ii an" :: ina x"!
"o dx pr)

3) CiokeHnue, BBIYUTAHNE, YMHOKEHUE U J1eJIeHHe CTeNEeHHbIX PS/I0B.



CioxxeHue U BbIYHTAHHE CTCIICHHBIX pAAOB CBOAUTCA K COOTBCTCTBYIOIIHMM OII€paldsaM C UX
YJICHAMMU:

IIpousBeaeHue AByX CTETICHHBIX PSAI0B BhIpakaeTcs (hOPMYJIION:

0 D 0

n n __ n
E a,x" - E b x" = E c,X
n=0 n=0 n=0

Koaddumuents ¢ Haxoasites o popmyiie:
c,=ayb +ab,  +..+a, b +ab,

JleneHue IByX CTEIECHHBIX PSOB BhIpaskaeTcs (GOopMyIoOi:

o0

Zanx”
=g,
Zb”xn n=0
n=0

Jus OIlpeIeIeHUs K03(HUIMEHTOB On paccmaTrpuBaeM IIPOU3BE/ICHNE

n

D0 [ D0
anx" -anx” = Zanx” , IOJIy4EeHHOE U3 3allMCAHHOIO BBILIE PABEHCTBA U PELIAEM CUCTEMY
n=0 n=0 n=0

YPaBHEHUN:

a, = q,b,
a, = q,b, +q,b,
a, =q,b, +q,b, +q,b,

a,=q,b, +q,b, , +...+q,b,

n-1

Pasnoxxenne QVHKINI B CTENEHHBIE PSIABL.

Paznoxenne QyHkuuii B cTeneHHOW psAA HMMeEET OOJbIIOE 3HAYEHHE IS PELIeHUS
pasIMYHBIX 33724 UCClefoBaHus (QYHKUMH, TU(PepeHIIMPOBaHNS, UHTETPUPOBAHNUS, PEILICHHS
mubdepeHIMaNbHbIX ypaBHEHUHN, BBIUMCICHUS TMPEAETIOB, BBIYUCIEHUS MPHOIMKEHHBIX
3HaYeHU! PYHKIUH.

Bo3MoxHBI pa3znuyHble CHNOCOOBI pasfiokeHus (QYHKIMM B creneHHo psa. Takue
crocoObl Kak pa3jokeHue Mpu momoi psjpoB Teilnopa u MakiiopeHa ObUIM pacCMOTPEHBI
panee. CylecTByeT TakkKe CINOCO0 pa3joXKeHUs B CTENEHHOM psAa NPH MNOMOIIHU
aJaredpanyveckoro aejeHusi. ITo — caMblil IPOCTOI crOCcoO pa3aokKeHus, 0OJHAKO, IPUTOJEH OH
TOJIBKO JIJISL PA3IOKEHHS B PSIT alreOpandecKkux Apooeii.

1
[Tpumep. Pa3noxuts B psag GyHKIHIO .
—X



Cyrp meroma anreOpanyeckoro MAEJIeHHS COCTOUT B TPUMEHEHUHM OOIIero IpaBuia
JIeTICHNS] MHOTOWJICHOB!

21 [1-X
1-x |1+x+x2+ﬁ+.“
X
T x =X
X2
X2 X3
X

Ecnu nmpuMeHuTs K Toi ke GpyHkimuu Gpopmyiny MakiopeHa

f(x)zf(0)+f'(o)x+f”(0)x2 +...+—f(n)(0)x” +R,(x),
I 2! n!
To moiydaem: f'(x) = 1 = S(0)=1
(1-x)
14 _ 2 . " — .
10 = 0=
" _ 2-3 . " — 1)
fW= T S0=3
(n) ..... _ ..... n' ..... o (.n ) ..... -
SO0 = SO =

Uroro, nonydaeM: f(x)=1+x+x> +...+x" +...

Paccmotpum cioco6 paszioxeHus: GyHKIMH B PS NPH MOMOIIY UHTETPUPOBAHMSI.
C momo1si0 MHTETPUPOBAHUS MOXKHO pasjarath B psj Takylo (yHKIHIO, 11 KOTOPOW U3BECTHO
WJTM MOJKET OBIThH JIETKO HAMJCHO Pa3IOKEHHE B PSJI €€ TPOU3BOIHOM.

Haxomum muddepennman pyukiun df (x) = f'(x)dx u uHTErpUpyeM ero B mpeziesiax otT
0 1o x.

[ar = [feods  fo)] = [Fxdx
f@) = fO)+ [f'()dx

[pumep. Paznoxuts B pan pyakuuio f(x) = In(1+ x).
Paznoxenue B psj aToi pyHKImu o Gopmyne MakiiopeHa ObUIO PacCCMOTPEHO BBIIIIE.
Teneps pemum 3Ty 3a7auy Ipyu MOMOIIM HHTEIPUPOBAHUS.

1
Ilpu f(0)=0, f'(x)= Tix MoJTy4aeM Mo MPUBEICHHOM BhIlIe popmyIie:
+Xx

1
In(1+x)= |—dx
(;[1+x



1 .
Paznoxenue B psa (pyHKIMU Tix MOJKET OBITh JIETKO HaWIEHO CIIOCOOOM anredpanyecKoro
+Xx

ACJIICHHA aHAJIOTUYHO PAaCCMOTPCHHOMY BBIIIEC IIPUMEDPY.

1
—=l-x+x =+ xt = (D) X"+

1+ x
Torma momyuaem: In(1+ X) = ]‘i dx= ]'i (-D)"x"dx= i ].(—1)n x"dx= i(—l)n X
01+X 0 n=0 n=0 g n=0 n+1
x2 x3 x4 xn+l
OxonuarenpHO moryunM: |In(1+x) =x——+——-"—+...+(-1)" +...
3 4 n+l

[Ipumep. Pa3nouTh B CTENIEHHOM Pl QYHKIHIO arctgx.
[TpuMeHuM pa3iioKeHHE B PSJT C TTOMOIIBIO HHTETPUPOBAHUSI.

f(x)=arcigx; f(0)=0; f'(x)=

1 .
1+x2’

X

1
arctgx= dx
& (;|.1+x2

HOI[I/IHTeraJ'IBHaH (I)YHKI_II/IH MOJKET OBITh pas3iIo’K€Ha B psaa METOAOM anre6panquKoro

JCIICHUA:
1 1+x°
1+ X2 1-x2+x% .

-x? Xt
x*
8

12:1—x2+x4—nﬁ{—DTﬁ”+m
1+ x
x 1 X oo o X 0 x2n+1
Torna arctgx= dx = —1)"x*"dx = ~1)"x*"dx=" (-1)"
< OIsz jz< ) Zj( ) Z( )
x3 x5 x2n+l
OxoHUaTeNBHO NOTyqaeM:| arctgx= x ——+——...+(-=1)" 5 1+...
n+

Pentenne muddepeHmaibHbIX VPABHEHUN C ITOMOIIBIO
CTEIEHHBIX PAIOB.

C noMOIIBIO CTENEHHBIX pAAOB BO3MOXHO HMHTErpUpOBaTh U depeHIaIbHbIe
YpaBHEHUS.

PaccmoTpum nuHeiHoe nuddepeHnmraibHoe ypaBHEHUE BUA!

P+ p )y + ()Y et p, (D = ()



Ecnu Bce koad(ULIMeHTH 1 TIpaBasi 4acTh 3TOTO YPABHEHUS PA3JIararoTCs B CXOASIIUECS
B HEKOTOPOM HHTEpBAJIE CTENECHHBIC PSIbI, TO CYIIECTBYET pEHICHHWE 3TOT0 ypaBHEHUS B
HEKOTOPOU MaJloil OKPeCTHOCTH HYJIEBOW TOUYKH, YIOBJIECTBOPSIOIICE HAUaIbHBIM YCIOBHSM.

3TO peuIeHre MOXKHO TPEICTABUTh CTETICHHBIM PSIIOM:

Y=Cp X+ Cx + X +.

JIJ1s1 HaXOXKACHUS PEIICHUS] OCTACTCS ONPEICIIUTh HEU3BECTHBIE IIOCTOSTHHBIE C;.

Orta 3a7a4a pemaeTcs MeTOJAO0M CPaBHEHUsI HeompeaeJeHHbIX KO0I((PHUIHEHTOB.
3anucaHHOE BBIPOKEHHE JIJISI HCKOMOH (DYHKIIMHU TTOJICTABIISIEM B HCXOHOE MU(PepeHITaTbHOS
ypaBHEHHE, BBINOJMHSAS TNPH 3TOM BCE HEOOXOIMMBIE IEHCTBUS CO CTENEHHBIMU psIaMu
(muddepenmpoBanue, CI0XXKCHUE, BBIYUTAHUE, YMHOKECHHE U TIP.)

3arem npupaBHHBaEM K03(pPHUIMEHTH! PU OJUHAKOBBIX CTENEHSAX X B JIEBOM M MpaBOn
4acTsAX ypaBHEHUs. B pe3ynbrare ¢ y4eTOM HauyalbHBIX YCJIOBUHU MOJNYYHM CHCTEMY YPaBHEHHIA,
U3 KOTOPOIl Iocie10BaTeIbHO orpeesieM Ko3(hGUIUEeHTHI C;.

OTMeTuM, 4YTO OJTOT METOA TNPUMEHHM M K HEJIMHEHHBIM TU(QepeHIIHaTIbHBIM
YPaBHEHHSIM.

[pumep. Haiitu pemienue ypaBHeHus )" —xy =0C HavanbHbiMH ycinoBusMmu Y(0)=1,
y’(0)=0.

Pelenue ypaBHeHHUs OyI1eM HCKATh B BUIE Y = C, +C,X +C, X~ +...
V' =c¢ +2c,x+3c,x” +4e, X’ +..

y"=2c, +6c,x +12¢,x° +20c,x° +...

IToncrasisieM MOTy4EeHHBIC BEIPAKEHHS B HICXOAHOE YPaBHEHHUE!
(2c, +6c,x +12¢,x% +20csx” +...)— (cpx +c,x” +¢,x° +ext +..)=0
2¢, +x(6¢; —cy)+x°(12¢, —¢,) + x> (20cs — ¢, )+ x*(30¢c, —c;) +...= 0

Orcrona nonyvaem: 2¢, =0

6c;—c, =0

12¢, —¢c, =0
20cs —c, =0
30c, —cy; =0

[TosryuaeMm, MOACTaBUB HayalbHBIE YCIOBHS B BBIPDAKEHUS JJI1 UCKOMOM (pyHKLIMU U ee mepBoi
IIPOU3BOJHOM:

cy =
¢, =0
1 1
OxoHuaTensHO OAy4uM: ¢, =1; ¢, =0; ¢, =0; c;= g; c,=0; ¢;=0; c, —@;
3 6
Hroro: y=1+x—+x—+
6 180

CymecTByeT U Apyroil mMeroj peuieHus AuQdepeHrnaIbHbIX ypaBHEHUH C MOMOIIbIO
psnoB. OH HOCUT Ha3BaHUE METOJ MOCAe10BaTeIbHOro AuddepeHunpoBanms.

PaccmoTpum TOT xe mpumep. Pemenne nuddepenunansuoro ypaBHeHus 0yaeM UCKaTh B
BH/JIC PA3JI0’KCHUsI HEM3BECTHOM (DYHKIMH B psii MakiiopeHa.



y:y(0)+y1('0)x+y(0)x2+y (0)x3+...

2! 3!

Ecnu 3amannbie HavdanmpHble ycnmoBust  Y(0)=1, Yy’(0)=0 mnoacrtaBuTh B HCXOIHOE
muddepenmanbHoe ypaBHeHHE, TOTydnuM, 9yto y"(0) = 0.
Hanee 3ammmem auddepeHnnanbHOe ypaBHEHHE B BHAC ' =xy Hu OyaeMm
nocJyenoBaTeaIbHo QG depeHITuPOBaTh €ro 1o X.
yi=y+xyh o YI(0)=y(0) =1
yU=y Y+ y7(0)=0;
yV — 2yrr + yrr + xym; yV(O) — 0’
+ym+.x)/1V; yV](O)=4;

"

yV] =3y

ITocne moacTaHOBKHU IMOJIYYCHHBIX 3HAYCHHI IoJjry4yacm:

3 6
X

=l+—+—+
Y 6 180




