Paner @ypee.
( XKau Baruct XKozedp Dypoe (1768 — 1830) — ppaHIy3ckuii MaTeMaTHK )

TpUroHOMETPUYECKUN DS

Onpenenenue. TpuroHoMmeTpuuecKuM psiioM Ha3bIBACTCS PAJl BUAA:

a . : .
?°+ (a,cosx+b, sin x) +(a, cos2x + b, sin 2x) +...+ (a, cosnx+b, sin nx)+...

ay ~ .
WM, KOpode, — + z (a, cosnx + b, sin nx).
n=1

JlelicTBUTENbHBIC YuCIa @i, D Ha3pBaOTCA KOAPPHUIMEHTAMH TPUTOHOMETPUYCCKOTO
pana.

Ecnu psn mpencraBiieHHOTO BBIIIE THIIA CXOJHUTCS, TO €r0 CyMMa IPEJICTaBIsIeT cO00it
HNEPUOANYECKYI0 (QYHKIHIO C TIEPHOAOM 27, T.K. PyHKIMHU SINNX U COSNX TaKkKe NEPUOAMICCKUE
(GYHKIUH C IEPUOJOM 2T.

[TycTe TPHUrOHOMETPUYECKHU PSJ PAaBHOMEPHO CXOJHMTCS Ha OTpe3ke [-m; 7], a
CII/IOBATEINILHO, M HA JTFOOOM OTpE3Ke B CHITY NIEPUOJMYHOCTH, U ero cymma pasHa f(X).

Omnpenenum ko3 duireHTs! 3TOTO psija.

Jlnst permienus 9TOM 3a7a4y BOCIIONIb3YEMCS CIEAYIOIIMMY PAaBEHCTBAMU

" 0, m#n, m=012..
Icosnmcosnxdx:

-7t

T i 0, m#n,
Ism mx s nxdx=

bt

T, m=n, mn=12,..

n, m=n, mmn=12,...
s
Icosmxsin nxdx=0, m=0,12,..., n=12,...
-7
CrpaBeaIMBOCTh ITUX PABEHCTB BBITCKACT W3 IMPUMEHCHHUS K IOJBIHTETPATLHOMY
BBIPQKEHHUIO TPUTOHOMETPHUYECKUX (POPMYIL.
T.x. pynkius f(X) HempepbiBHA Ha oTpe3ke [-T; 7], TO CylIecTByeT HHTErpa

T]f(x)dx = %’ T]-dx + Tji (a, cosnx+ b, sin nx)dx = na,

—qn=l1

T o
Tako# pe3ynbTar Mojay4aercs B pe3yiabTaTe TOT0, YTO I Z (a,cosnx+b, smnx)dx=0.

—qn=1

1 T
[Momygaem:| a, = — jf (x)dx
7[—71'

Jlanee yMHOKaeM BbIpayK€HHUE Pa3JIoKeHUs (PYHKIIUH B psiji HA COSNX U MHTETPUPYEM B Ipezienax
OT -7 JI0 .

T T[ T oo

a, 2 .
jf(x) cosnxdx= > _[cos nxdx+ _[Z (a, cos” nx+b, cosnxsin nx)dx =ma,
-7

- —qn=1

1 s
Ortcrona noydaem: |a, = — _[ f(x)cosnxdx, n=12,...
TC -7




AHaNOrMYHO YMHOXAeM BBIPKCHUE PA3NIOKEHUs QYHKIMH B PAJ Ha SINNX ¥ MHTETPUPYEM B
npezenax or -7 10 .

[Tomyuaem:| b, :1 If(x)sin nxdx n=12,...
7[—72'

Beipaxxenne s koaddummenta ap SBASETCS YACTHBIM — CIydaeM Uil BBIP@KEHUS
K03 PHULIIEHTOB ay.

Takum oOpasom, eciu (ynakuus f(X) — ar00as nmepuoanyeckas GpyHKIHUS mepuona 2T,
HEMpepbIBHAas Ha OTpe3ke [-7; 7] Wium MMerolas Ha 3TOM OTPE3KE KOHEYHOE YHCIO TOYCK
paspbiBa MEPBOTO Poja, TO KO3 HUIIHEHTBI

l b
a, =— Jf(x) cosnxdx, n=0,12....
T[: -7

b, = 1 [fG)sinnxdx, n=12..
T -n

CYIIECTBYIOT U Ha3bIBatOTCS Ko puuuenTamu dypobe i pyHkiun f(x).

Omnpenenenue. Psagom @ypobe s pynkuun f(X) Ha3piBaeTCsl TPUTOHOMETPHUYCCKUIA PSI,
k03 durMeHTs KoToporo sBisitoTces kodddunuenramu dypoe. Eciu psg Oypore dynkuuun f(x)
CXOJIMTCS K Hell BO BCEX €€ TOYKAaX HEIPEPBIBHOCTHU, TO TOBOPST, uro ¢yHkims f(X) pasnaraercs
B psag Dypse.

JlocTaTouHbIEe MPU3HAKYU PA3I0KUMOCTHU B psa Dypke.

Teopema. (Teopema dupuxie) Eciu ¢hynrxyus f(X) umeem nepuoo 27w u na ompesxe
[- 7, 7] nenpepwiena unu umeem xoneunoe uucio mouek paspvisa nepoco pooa, u OMpe3oK
[-7 7] moocno pazboume na xomeunoe uucio ompesxos mak, umo 6HymMpu KaNCO020 U3 HUX
@yuxyus 1(X) monomonna, mo pso @ypwe ona gynxyuu 1(X) cxooumes npu ecex snauenusix x,
npuuem ¢ mouxax Henpepwvienocmu @ynxyuu f(X) eco cymma pasna f(X), a 6 mouxax paspuisa ezo

-0)+ +0
cymma pasHa J(x=0) > J(x+0) , m.e. cpeOHemy apugpmemuueckomy npeoenrbHblX 3HAYEHUl
cnesa u cnpasa. Ipu smom psio @ypve ynxyuu 1(X) cxooumes pasnomeprno na nrobom ompesxe,

KOMOpbIll npuHadexdcum unmepsany Henpepvishocmu @yuxyuu f(X).

@Oyuknus f(X), 111 KOTOPOH BBIMONHSIOTCS YCIOBHS TeopeMbl Jlupuxie Ha3bIBaeTCs
KYCOYHO — MOHOTOHHOIi Ha oTpe3ke [-7;m].

Teopema. Eciu ¢hynxyus f(X) umeem nepuoo 2 7, kpome moeo, f(X) u ee npouszeoonas f’(x)
— HenpepvlgHble yHKyuu Ha ompeske [-7,7] uiu umerom KoHeuHoe YUCIO MOYeK pPA3pbléd
nepeo2o pooa Ha smom ompesxe, mo psio Pypve gyuxyuu f(X) cxooumes npu ecex snauenusix x,
npuuem 6 mouxax uenpepwignocmu e2o cymma pasua f(X), a ¢ mouxax paspwisa ona pasna



f(x=0)+ f(x+0)
2
ompeske, KOMopbwlil npunaoiexcum unmepsany wenpepvisrnocmu gynxyuu f(x).

. IIpu smom psio @ypve ynkyuu f(X) cxooumes pasnomepno na a060m

OyHKIWS, YIOBJICTBOPSAIONIAs YCJIOBHSIM OTOM TEOPEMBI, HA3bIBACTCS KYCOUHO —
rJ1ajaKoii Ha oTpeske [-7;7].

Pasnoxenue B pag Pypbe HENEPpUOANIECKON HYHKIIUU.

3amada pas3oKeHUs HemepuoguuecKkol (QyHKuuu B psinx Dypbe B NpUHIUIE HE
OTJIMYACTCS OT Pa3IoKeHHs B psig Pypbe meproandeckon QyHKIHH.

Jomyctum, pynkuus f(X) 3anana Ha oTpeske [a, b] u sBisleTCst Ha AITOM OTpPE3KE KyCOYHO
— MOHOTOHHOW. PaccMOTpUM NPOM3BONBHYIO TEPHOAWYECKYI0 KYyCOYHO — MOHOTOHHYIO
dyukuo f1(X) ¢ meprogom 27 > /b-a/, coBnanaromyro ¢ pyukuueii f(x) Ha orpeske [a, b].

y
L)

a-2T o a b o+2T a+4T X

Takum oOpazom, ¢yukius f(X) Obuia momonHena. Teneps Gynkiwus fi(X) pasmaraercs B
psn @ypbe. CymMma 3TOrO psiia BO BCeX TOYKax OTpeska [a, b] coBmamaer ¢ ¢pynkuumeit f(x), T.e.
MOXHO CUHTaTh, uTo QyHKIWMs f(X) pasnoxkena B psg Oypwe Ha oTpeske [a, b].

Takum oOpazom, eciu ¢dynkius f(X) 3amana Ha oTpeske, paBHOM 27T HHYEM HE
OTJIMYACTCS OT PAa3JIOKCHHs B Psill mepuoarueckoil GyHkuuu. Ecim jxe oTpe3ok, Ha KOTOPOM
3amaHa (YHKIMsS, MEHbIe, YeM 27, TO QyHKIHs NpojoinkaeTcss Ha uHtepsan (b, a + 2m) Taxk,
YTO YCIIOBHSI Pa3JIOKUMOCTH B psii Dypbe COXpaHSIIHCH.

BooOmie roBopsi, B 3TOM ciy4ae NPOJODKCHHUE 3aJaHHON (YHKIIMH Ha OTPE30K
(uHTEpBaN) JUIMHOW 27 MOXeET OBITh IMPOM3BEICHO OCCKOHEYHBIM KOJMYECTBOM CIIOCOOOB,
M03TOMY CYMMBI MOJIYUYHBIIUXCS PsiIOB OyAyT pa3ivyuHbl, HO OHU OYyAyT COBNAAATH C 3a/laHHOM
¢dynkuueit f(X) va orpeske [a,b].

Pang ®ypre U1 YeTHBIX M HEUYETHBIX () VHKITHI.

OTMeTHM CJIeIYIONINE CBOMCTBA YETHBIX M HEUETHBIX (DYHKITHIA:
0, f(x)—rneuemnas

2 [f(x)dx - 2]‘f(x)dx, f(x)—uemnasn

2) IIpousBeneHne NBYX YETHBIX M HEUCTHBIX (DYHKITUH SBIISETCS YETHOW (PyHKITHEH.
3) IIpousBeneHne YeTHOM U HEUETHOH (PYHKIMI — HEUeTHast (PYHKIIUA.



CrpaBesIMBOCTh ATUX CBOMCTB MOXKET OBITh JIETKO JOKa3aHa MCXOJs U3 OMpeeeHUs
YETHOCTH M HEYCTHOCTH (DYHKIIUH.

Ecmu f(X) — uerHas nepuoamyeckas (QyHKIHS C TIEPHOAOM 27, YAOBICTBOPSIOIIAS
YCJIOBHSIM Pa3JIOKUMOCTH B psii Dypbe, TO MOXKHO 3arucaTh:

a = 1 [ () cosnxdx= 2 [fGycosnxax  (n=0]12..)
T -n n 0
17 )
b, =— [f()sinnxdx=0;  (n=12,.)
T -n
Taxum oOpazom, st 4eTHON GyHKIwH psig Pypbe 3aMuChIBACTCS:

f(x) :a?O+Zan cosnx

n=1

a, = 2 [f(cosnxdx  (n=01.2..)
T 0

AHaNOru4HO Moxy4yaeM paszioxeHue B psag Oypbe 11 HedeTHON (yHKINH:

f(x)= ibn sin nx;

b = 2 [feoysinnxdx, (n=12,.)
T 0

Hpumep. Paznoxuts B psajg Oypbe nepuoauueckyio GyHkmuo f(x)=x’ ¢ nepuogom T
= 27 Ha oTpe3ke [-T;7].
3amanHas QyHKIHS ABJISIETCS HEYETHOM, CileoBarebHo, Koo dunreHTs Pyphe UIEM B

BUJIE!
27 :
b == j f(x)sinnxdx,  (n=12,.)
TEO
_ 3. — o
27 5 . u=x7 dv=sinnxdx 2( xX’cosmx?® 3%,
b, =— |x’ sin nxdx= , cosnx (=—|——— |+—Ix cosnxdx|=
L du=3x"dx; v=-— ; n 0o N

n

u=x>;, dv=cosnxdx

2( mcosmn 3| x*sinnx® “p2xsin nx
—| - +— |—I dx||=

= smux [~
du=2xdx, v= 3 n n n o 4 n
n
3 i u=x; dv=sinnxdx
2 mcosmn 6 . drl = _
=—|—————— |xsinnxdx|= _ cosnx =
o n n° g du=dx;, v=-— ;

n



n 0

2( wlcosmn 6 [
A LT
e 0

xcosnx® ‘rcosnx
|+J. dx||=
n

2( mcosmn 6mcosm 6 (sinnx 21’ cosmn  12cosmn (12 2n?
-2[-Toom Sromn Sfshuf) 2w conm, Lcomn _ (12

T n n n no n n n n
[Tonygaem:

[Toctpoum rpaduku 3agaHHON QYHKIIUH U ee pa3ioxeHus B pag Oypre, orpaHUYMBIINCH
IIEPBBIMU YETBIPbMS WICHAMU PsIlia.

30
20

10 +

-10 F

220 F

-30

Psaner dypee i GyHKIME JTII000ro nepuoaa.

Psn dypoe s Gynkuun f(X) nepuona 7' = 2|, HenpepbIBHOW MM UMEIONICH KOHEYHOE
YKCII0 TOYEK pa3pbiBa MepBoro pojaa Ha otpeske [-1, I] umeet Bua:

S =22+ a,cos " x+b, smﬂxj
2 & I I
11
a, =- x)dx;
0 l_gf()
a —liff(x)cosﬂxdx n=12
=7 ;s

1! iz
b =- x)sin—uxdx, n=12,...
) l_[f() l

Jnist yeTHON (yHKIIMU MPOU3BOIBHOIO MIEpHO/a pa3iiokeHue B psijg Oypbe UMeeT BUA:



f(x)=a—°+2an cos%x;
n=1
21
a, =— x)dx;
olyu

!
a, = % Jf(x)cos%xdx, n=12...
0

Jis HeueTHOH QyHKITUM:

f(x)=Yb,sin %x;
n=1

2! N
b =— x)sin—xdx, n=12,..
nlyo ;

Psang ®ypre 110 OpTOroHaAILHON cucTeMe () VHKIIHIA.

Omnpenenenue. Oynkun O(x) U Y(X), onpeaeicHHbie Ha oTpe3ke [a, b], Ha3bIBarOTCSA
OPTOrOHAJIBLHBIMH Ha 3TOM OTPE3KE, SCIIH

Joydr=0

Onpenenenue. [TocnenoBarenbHocTh QyHKIMN Q1(X), P2(X), ..., @N(X), HEIPEPHIBHBIX HA
otpeske [a, b], Ha3pIBaeTCs OPTOroHANBLHOI cHcTeMOW (PYHKIUI HA STOM OTpE3Ke, eciiu BCe
(YHKIIUH TOMAPHO OPTOTOHABHBIL.

b
fo,(0)0,()ax=0; =

OTMeTHM, YTO OPTOTOHAJIHHOCTh (YHKIMH HE TOJpa3zyMeBaeT MEPIEHANKYISIPHOCTH
rpauKoB 3TUX QYHKIMH.

Onpenenenue. CrucreMa (yHKIUN Ha3bIBa€TCSd OPTOTOHAJIbHON W HOPMHPOBAHHOM
(opTOHOPMHPOBAHHOI), €CITH

ﬁm@hy@%h={? v

3

Omnpenenenue. Psigom ®dypbe 1mo oproroHanbHoii cucreme pyHkmmii ¢1(X), ¢2(X),
...,0N(X) Ha3bIBaeTCS PsiJl BUJA:

S 4,9, ()

n=1

KO3 PHUIIUEHTHI KOTOPOTO ONpPEAEISIOTCS 1o (hopmyIe:

[7G0, (x)dx

_ ?Exmﬂm

a

n )



rre f(x) = > a,0,(x) - cymma paBHOMepHO cxomsmerocs Ha orpeske [a, b] psma mo
n=l1

oproroHanbHoW cucteme (ynkumid. f(X) — mobas GyHKIMS, HENpepbIBHAS I HMEHOIIas

KOHEYHOE YHCII0 TOUCK pa3phiBa MEPBOTo poja Ha oTpeske [a, b].

B ciyuyae oproHOpMupOBaHHOI cucTeMbl PYHKIUN KOADUITUEHTHI ONPEAETISIOTCS |

a, = [ ()0, (x)dx

HNurterpan @ypsbe.

[Mycte pynkuus f(X) Ha kaxaom orpeske [-1,1], rae | — moboe uncno, kycouno — riajakas
WM KYCOYHO — MOHOTOHHasi, kKpome Toro, f(X) — abcomroTHO uHTErpupyemas (yHKIHS, T.C.
CXOJUTCSI HECOOCTBEHHBIN MHTErpal

ﬂ f (x)|dx
Toraa ¢yukius f(X) pasnaraercst B psg Oypoe:

fx) = “—2°+Z[an cos%mbn sin %xj

n=1

1! Tn

a, =~ [f(®)cos="tdt, n=0,2,..
[ [
1! . TN

b == j f)sin—2tdt, n=12,..
[ [

Ecnu noacraButk ko3¢hdunueHTs B popmyny aist f(X), noxyaum:

/ !
f(t)cosﬂtdtcosﬂx+ f(t)sinﬂtdtsinﬂx =
/ / [ /
1 -1

n=1

1 l 1 0
fw= j f(0)dr + 72(
1! 1& ! m
== ! f@)dt+ 72;! f(@ycos ==t —x)dr

/
[Mepexons k mpeaeny mpu | —o0, MOKHO J0Ka3aTh, 4TO }m'l 2% j f()dt=0mn
~l
o1&t
f(x)= Pm ;Z J.f(t)cos%(t —x)dt
—wo [ £ i

Au

n .
b

n T 1
OO6o3HaumM u, =—; Au, =u,, —u, =—; - =
[ [ [ =

IMpu | >0 Au, —0.



1) = Liim iAun [r@cosu, (- x)at
T = n=l1 -]

MoOKHO 0Ka3aTh, YTO NPEAEII CYMMBbI, CTOSAILINN B ITPABOM YAaCTH PABEHCTBA PABEH UHTETPAIly

Q]‘du Tf(t)cosu(t —x)dt

1 o0 o0
Torma f(x)= - Idu I f(t)cosu(t — x)dt - nBoitHoli unTerpaa @ypne.
0 -

OKOHYATEIbHO MOJIy4aeM:

f(x)= wj F(w) cosux + b(u)sin ux du
a(u) = 1 O]f(t) cosutdt
n —0

b(u) =% wj £(¢)sin utdt

- npeacrapnenue Gyukiuu f(X) maTerpasom ®ypre.

JlBoiiHo# wmHTerpan @ypwre anst ¢yskimu f(X) MOXKHO mHpencTaBUTh B KOMIUICKCHOM
dopme:

1% (it
f(x)=£_£du_£ F(0)e" " dt

[IpeoOpaszoBanne Dyphe.

Omnpenenenune. Ecnu f(X) — mrobast abcomoTHO MHTErpUpyeMasi Ha BCeil YMCIIOBOI OCH
GyHKIMS, HENpepbiBHAS WM HMMEOIas KOHEYHOE YHCIO TOYEK pa3pblBa MEPBOrO poja Ha
KaXJIOM OTpe3Ke, TO (PyHKIHUs

F(u)= O]‘f(x)ei“xdx

Ha3biBaeTCs mpeodpa3oBanneM ®ypobe pynkuun f(X).
®ynkuus F(U) Ha3pIBaeTCs TakKe CIEKTPATbHON XapakTepucTukoi pynknun f(X).

Ecmu f(X) — dynknus, npencraBumas unterpaiom ®ypbe, To MOKHO 3aIHCaTh:

f(x)= 2—17TO:.;F (w)e"du

OTO paBEHCTBO HA3bIBACTCS 0OPATHBIM NpeodpaszoBannemM Dypbe



2% 2°% .

Wurerpaner  F(u) = \/: _[ f(x)cosuxdx u Fu)= \/i I f(x)smuxdx  Ha3bIBaIOTCS
T 0 T 0

COOTBETCTBEHHO KOCHUHYC - Ipeodpa3oBanne ®ypbe U CUHYC — Ipeodpa3zoBanue Pypobe.

Kocunyc — mpeobpazoBanue @Dypbe Oyner mnpeodOpasoBanueMm @Dypbe JUIsi YETHBIX
byHkuui, cuayc — npeoOpa3oBaHue — 1751 HEYETHBIX.

[IpeobpazoBanue Dypbe npumeHsieTcsl B (QYHKUMOHAIBHOM aHajiHu3e, FapMOHUYECKOM
aHaJIN3€, ONEPALlMOHHOM MCUUCIIEHUH, TEOPUH JIMHENHBIX CUCTEM U JIp.



