I11. PAAbI ®YPLE

1. Paaom dypbe Pynkuuu f (x), onpenenéHHON Ha oTpeske [—m, m],
Ha3bIBaeTCS P

o0
a :
24 Z(an cos nx + b, sin nx),
n=l1
KO3 (PUIIMEHTHI KOTOPOTO OMPENETSIOTCS 0 (hopMyiaM

ay = [ rax,

a, :ljf(x)cos nxdx (n=1,2,...),
T

b, :lj'f(x)sin nxde (n=1,2,..) (1.1)
T
—T
IIpu 5TOM IUILIYT
)y ~ .
X)~—+ a, cos nx + b, sin nx 1.2
f@~= ;< ) , Sin 7x) (1.2)

[Tockonpky moctpoenue psna (1.2) BeimoaHeHO (HOPMATBHO, TO 3TOT PST
MOET PACXOAUTHCS WM CXOAUTHCS, HO CYMMa €ro, BOOOIIE rOBOPS, MOKET HE
COBIAAATh C PA3JIOKEHHOW B HETO (PYHKIMEH.

2.ChopmyaupyeM T0CTATOYHBbIE YCJIOBHS, IIPU BBITOJHEHHH KOTOPBIX
psan (1.2) umeer cymmy, paBHYIO 3a1aHHOU (PyHKIMH [ (xX):

OyHK1IMA f (X) MOXKET UMETh Ha OTPE3KE [—T, 7| JMIIb KOHEYHOE YHUCIIO

MakCUMyMOB W MHHUMYMOB U JOJDKHa OBITh HENpEpHIBHOM, 3a

UCKJIIOUEHHEM, OBITh MOKET, KOHEUHOI'O YHClia TOYEK Pa3pbiBa MEPBOTO

pona.
OTH yCIIOBUSI HA3bIBAKOTCA YCIOBUAMU J{UpHXJe.

Teopema Jlupuxise. Eciin ¢pynkuus f (x) yaoBJeTBOpPsieT YCJOBHAM
JupuxJjie Ha oTpe3ke [T, 1], TO e€ pax Pypbe cxoaurcs K GyHKUMH f (X) BO
BCEX TOYKAX, B KOTOPBIX OHA HempepbiBHA. B Toukax pa3pbiBa QpyHKIMHU
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f(e=0)+ f(c+0)

PSl CXOAUTCH K MOJyCyMMe 5 eé mpeaeJbHbIX 3HAYEHHH

cjJeBa M cnpaBa (¢ — ToYKa pa3pbiBa nepBoro poaa). Ecim f(—n)# f(m), TO

S+ 0)+ f(m—0)
2
cymma psiga (1.2) sBiasiercsi mepuoguveckoi ¢ nepuoaoM 2 GpyHKuueil Ha
Bceit ocu Ox.
3. lIycthb Tenepn pynkmus f (X) 3axana Ha orpeske [, l]. Psg @ypre B
3TOM CJIy4ae UMEET BU]L

B TOYKaX *+ T PAaA CXOAUTCA K 3HAYCHUIO . le/l ITOM

a, ~ nmx . NmX
X)~—+ a,cos—+b, sin—), 3.1
f@~= 2;(n - bysin =) (3.1)
rae

/
1
ao=;£fwya,
1 /
a, zi_jlf(x)cos?dx (n=1,2,.),

[
1 . NmX _
b, —;:[f(x)sdex (n=1,2,.) 3.2)

Bompoc o cxomumoctu psima (3.1), B CBOIO ouepenb, ONpeAeNseTcs
teopemoit lupuxiie, Ho Ha otpe3ke [/, [], coorBercTBeHHO. CymMMmoO#l psia
OyneT nmepuoanyueckasi Ha Bcei YMCIOBOM OcH (PYHKITUS C TIEPUOIOM 2/.

3ameuanue: 3Hauok ~ B (1.2) u (3.1) HY)XHO MOHUMAThH CIEAYIOIIUM
obpazom: ecim f (x) yaoBieTBopsieT ycioBusaMm Jlupuxie Ha [-m, ] u [/, []
COOTBETCTBEHHO, TO BO BCEX TOYKaX €€ HEMPEPHIBHOCTH 3HAYOK ~ HAJO
3aMEHHUTHh 3HAKOM = M TMOMHHUThH, YTO B TOYKAX pa3pbiBa CymMMa pslia paBHA
MOJIyCyMME JIEBOTO W TIPABOTO TMPEACNIOB f(X) B ATUX TOYKaxX, a Ha KOHIAX

f“”+f”)(f“”+f”q,mm1fGM¢fvo(fen¢fw

OoTpe3Ka —
P 2 2
COOTBETCTBEHHO).
IIpumep 1. Paznoxutb QyHKIHIO
@) 0, —2<x<0,
X)=
x, 0<x<2

B psiag Oypwe Ha uHTEpBane (-2, 2).
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Puc. 1

a - nmx . NmX
fx)=—+ Z (a, cos——+ b, sin —). JlaHHas QyHKUMS HEIPEPHIBHA
n=l1 2 2
Ha OTpe3ke [—2, 2] W He HMEeT TaM »JKCTPEMYMOB, CJIE€I0BAaTEIbHO,
yIOBJIETBOPsET ycnoBusaM upuxiie. Beruncianm ko3 GuirenTs! psaa:

1] ¢ ‘ 1 ox?|
ag=— jO-dx+dex =—.Z =1;
2 2 2
-2 0 0
0 2 u=x,du=dx,
a :l IO-cos@-dx+J-x-cos@-dx = 2 =
) 2 2 dv=cos ™ = = gin ™
—2 0 2 nm 2
2
1 2 .nnx2 2 . nmx 1 22 mtx|2
=—|x-— :sin—1 —|— sin— - dx |=—"- - COS =
2|7 nn 21y 4 2 p2n? 2 |,
5 0, n=2k—-uémnoe (k=1,2,..),
= (cosnm—1)=4 4 4

2.2 =— , n=2k—1-mneuémnoe,
e n’n?  Qk-1)°n’

. 0 2 u=x,du=dx,
nmx nmx
b, = IO-sin—-dx+Jx-sin—-dx -
"2 2 2 dv:sin@,v:—icos@
- 0 2 nm 2
2
1 2 nﬂ:x2 2 NnTX
= —|-x-—-c08S—| +|—-cos—-dx|=
2 nm 0 nm
2
2 2
N COS NI + 2 sin mtx‘ _ 2 (-
2 | nm nlm? 2 ‘ nir

Takum 00pa3zom, paznoxxkenre QyHKIuu f (x) B psag Oypbe uMeeT BUJ
— 2k -1 - :
f(x):l—z 4 5 zcos( )m+z‘l(—l)’“rl sin 7%
2 DQRk-Dn 2 ‘o nm 2
B cootBercTBUU ¢ Teopemoit [lupuxie, rpadpuk cymmsl psga Oypwe s
GbyHKUMH f (X) UMEET BUA

Puc. 2
4. Paznoxenue B psig @ypbe YETHBIX M HEYETHBIX PyHKIMIA.
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a) [lycts Qynkmus f (x), 3amannas Ha otpeske [/, [] — u€rHas u
ynoBierBopsieT ycnosusm Jupuxine. Torma psang ®ypee s 310l QyHKIUU
OyZeT coaep>KaTh TONBKO d( U YJIEHBI C KOCUHYCaMH, T. €.

Ay ~ nmx
f(x)—7+ a, cosT 4.1

n=1
2 nmx
an=7j.f(x)cosde (n=0,1,2,..), b, =0.

IIpumep 2. Paznoxutrs B psig Pypbe Ha OTpe3ke [—m, 7| YETHYIO

dynicumo £ (x) = |l

Puc. 3
JlanHast GyHKIMS HEMpephIBHA HA 3aJaHHOM OTpe3ke (/ = m) U uMeeT Ha
HEM OJIMH SKCTPEMYM, TIO3TOMY YJOBJIETBOPSET yCIOBUSIM Jupuxiie.
Psan (4.1) B 1aHHOM CiTy4yae IPUHUMAET BUJ

f(x)=a70+2an COS nX.
n=1

Tak kak f(x) = |x| =xnpu 0 <x <, TO

22 ™
T T
0 0
n u=x,du=dx,
an——jxcosnxdx: 1 . =
T dv =cos nxdx, v =—sin nx
0 n
T
2| x
= —|—sinnx| —— smnxdx :—(cosmt—l)——(( D" -1) =
Tn mwn’ mwn’

n=2k—uétnoe (k=1,2,..),
4

= , n=2k—1—mneuérnoe. CiemnoBaTelbHO,
1 (2k — 1) T

C 1
f)="-4-3 ———cos (2k - D)x.
2 o 2k-1)"mn
B coorBerctBuM ¢ Teopemoi [upuxie, rpadgux cymmsl psga Oypee —
nepuoanyecKkas QyHKIHUS ¢ IEPUOAOM 27, KOTOpas COBIAAAET C f (x) Ha OTpe3Ke

[-m, ] (puc. 4).

R

(o] —_—
g £ — (RO G
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Puc. 4
Ha puc. 5 nzo0paxensl rpaduky 4aCTUYHBIX CyMM psia Dypee S;(x) =

—icosx, Sz(x)=£—icosx—icos3x, S3(x)=E—icosx—
T 2 =m On 2 =

— — oS 3x — icos S5x:
on 25m

Puc. 5

0) Ilycte dbyHkus f (x), 3amanHas Ha oTpeske [/, /] — HeuéTHas u
yaosneTBopsieT ycinoBusMm upuxie. Torma psg Oypbe mns 1ol QyHKIIUU
OyJIeT cofepKaTh TONBKO YIEHBI C CHHYCAMHU:

f@)="b,sin ?
n=l1

/
e b, :%jf(x)sin@dx (n=0,1,2,...).
0

IIpumep 3. Paznoxuts B psax Pypbe Ha oTpe3ke [—2, 2] HEUETHYIO
bynakuo f(x) = x.

21

24

Puc. 6
Ota (yHKIMS HA 33JITaHHOM OTPE3KE YJOBJIETBOPSET yclIoBusM Jlupuxie,
TaK KaK HENPEPBIBHA U HE UMEET TaM DKCTpeMyMOB. Psan ®Dypee mid 1aHHON
GyHKIIUA UMEET BH]T

f@)="b,sin ?
n=l1
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u=x,du=dx,

. NTX
rne b, =— xsm—dx— NI o) nmx ¢ =
dv=sin—dx,v=———Cc0S—
2 nw 2
2 2 2
2 nmx 2 nmx 4 4 mLx|
= —Xx-—C0S—| +—|cos—dx=——cosnm+ 5 sin =
nm 2 | nm g 2 nm n°m 2 ‘0

= (- i Takum oGpaszom,

nm
_i  (—1) . NmX
f(x)—ﬂz n sin 5

Ha puc. 7 nzo0paxensl rpaduky 4aCTUYHBIX CyMM psiia Dypee S;(x) =

4 . 4 . 4 . 4 . 4 .
= —smE, S, (x) = “sin 2~ T gin nx, S3(x) = Zsin 2~ T ginx +
T 2 I 2 2n T 2 2n
4 . 3mx
+ —sin ——:
3n

Puc. 7

5. Pazno:xkenue B psaa @ypbe pyHknmii, 3a1anHbIx Ha oTpeske [0, |].

B 3TOM cnydae MOXKHO A0ONpEAETUuTh (PYHKIHUIO HA MOJTYHUHTEPBAI
[/, 0) 100 4€THBIM, TMOO HEYETHBIM 00pa3oM. B mepBoM ciyyae moiayduTcs
yétHas Ha [/, /] QyHKuMs, koTopas OyJeT packiaabiBaThCs B pan Dypbe mo
KOCHHYCaM, a BO BTOPOM — HeuéTHas Ha [/, /] pyHkuus, u e€ psig Oypbe Oyner
coziepKaTh TOJILKO CUHYCHI. B 00oux ciydasix Ha otpeske [0, /] 3Tu psasl nagyT
paznokeHre HCXOAHOU (pyHKIMH B psia Dypbe.

IIpumep 4. Paznoxute pyHkuuio f (x) = x, 3agaHHyo Ha otpeske [0, w],
JOOIpeaeNuB €€ YETHRIM 00pa3oM Ha MOJIyuHTEepBal [, 0).

B pesynbrare nosyuum 4€THy0 QyHKIU0O ¢ (x); 11t x < 0 Oyzet ¢ (x) =
= ¢ (—x) = f (—x) = —x, caegoBaTeiabHO, ¢ (x) = |x| Ha [—x, m]. Paznmoxenue 3Toi
¢GyHKIMM ObUIO CcHEJaHO B MpUMepe 2, U OHO OJHOBPEMEHHO SBISETCS
pasnoxkenueM f (x) = x Ha otpeske [0, «].

[Tpumep 5. Paznoxuts dyHkuuwo f (x) = x + 1, 3a1aHHyI0 Ha OTpe3Ke
[0, 2], B pan @ypbe, NPOJOIKUB €€ HEYETHRIM 00pa3oM Ha MmoiayuHrepsan [-2,0)
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Puc. 8
B pesynbrare momyunm Heu€THyI0 QyHKIUIO ¢ (X); s x < 0 Oyner ¢ (x)
) F() i ) x—1, —2£x<0,9
=— ¢ (—x) =—f(—x) = x — 1, cnegoBarenbHoO, @ (x) = Ta
P ! P x+1, 0<x<2.

byHKIMS HEenmpepbIiBHA Ha [—2, 2] 3a UCKIII0OUeHneM ToukH x = (), B KOTOpOW OHa
MMEET pa3pbIB MEPBOTO POJA, T. €. YIOBIECTBOPAET YCIOBUIM Jupuxie:

(p@)zzzbngnfgﬁ
n=1

u=x+1,du=dx,

2 nmx
roe b :—j x+1)sin—dx =
) ( ) 2 dv—sm—dx v———co g X
2 2
2 2 4 k
—(x+1)- —cos—m[x +— cos—nmdx——[—3cosnn+l]+ > sinmtx
nw 2 | nno 2 nm nlm? 2 ‘0
2 1+3- )"+
_ 2 [1—3 (-1)" ] +3-CD . Takum 06pazom,
nm T n
2 A 1+3-(=D"" | nmx
xX)=— sin )
¢ @) nZ« ; .

B atoT psan onHOBpeMeHHO pasnoxeHa 3aganHas Ha [0, 2] dyskius f(x) =x + 1.

3ameuanue: MOXHO Takxke pazyioxuTh f (x) u Ha oTpeske [0, /], HO Toraa
B Pa3JIOKEHUE BOWIYT WICHBI Psijia M C CHHYCaMH, U C KOCHHyCaMH, a CyMMa
psina Oyner nepuoauyeckon pyHkuueit ¢ nepuoaom 7 = /.



