OOBIKHOBEHHBIE TU(depeHanbHble VDABHEHUS.

Pemienue pazauyuHBIX TEOMETPUYECKHX, (PU3MUYECKMX W HMHXKEHEPHBIX 3a/a4 YacTo
IIPUBOJAT K YPABHEHUSIM, KOTOPBIE CBA3BIBAIOT HE3aBUCHUMBIE IIEPEMEHHBIC, XapAKTEPU3YIOLIUE
Ty WJI UHYIO 33Jady, ¢ Kakol — Ju00 (QyHKIMEH 3TUX MEePEeMEHHBIX M MPOU3BOJHBIMH 3TOU
(YHKLNU pa3IMYHBIX TOPSAIKOB.

B kaudecTtBe mnpuMepa MOXKHO pacCMOTPETh IPOCTEUIIMK Cily4all paBHOYCKOPEHHOIO
JBUKCHMS MATEPUAIIBHOM TOUKH.

N3BecTHO, 4TO NepeMenieHne MaTepUaIbHONM TOYKM IIPU PAaBHOYCKOPEHHOM JIBUKCHUU
ABisieTcs QyHKIMEH BpeMEHH U BbIpakaeTcs 1o opmyie:

2
S=V0t+ﬂ
2

B cBoro ouepenp yckopeHue a sBIsieTCS MPOU3BOJHON MO BpemeHu t oT ckopoctu V,
KOTOpask TAK)Ke SBJSIETCS IPOU3BOHOM 110 BpeMeHH t ot nepememenus S. T.e.

das dv d*S
V=—; a=—=——7—;
dt dt dt?

Torma momysaem: S=f (t)=V0t+¥ - ypaBHeHue cBs3biBaeT ¢ynkiuio f(t) ¢

HE3aBHCUMOI1 ITEpEMEHHOM t 1 POn3BOIHOM BTOpOro nopsiaka ¢pyukiuu f(t).

Onpenenenue. JuddepeHunaJbHbIM  ypaBHEHHEM  Ha3blBAE€TCS  ypaBHEHME,
CBSI3BIBAOIIIEE HE3aBHCHUMBIC TIEPEMEHHBIC, X (DYHKIIMH U TPOU3BOIHBIC (MK U hepeHIaIbI)
3TON (QYHKIUH.

Onpenenenne. Ecnu nuddepeHunanbHoe ypaBHEHHE HMEET OAHY HE3aBHCHMYIO
MEPEMEHHYI0, TO OHO Ha3bIBA€TCS OOBIKHOBEHHBIM M ¢epeHIUATbLHBIM YPABHEHHEM, €CIIU
K€ HEe3aBUCHUMBIX MEpEeMEHHbIX JABEe WM Oosiee, TO Takoe aAuddepeHnnanbHOEe ypaBHEHUE
HazbIBaeTcs Au¢¢epeHNATbHBIM YPABHEHHEM B YACTHBIX IIPOM3BOAHBIX.

Onpenenenune. Haupbiclmii MOpSAOK NPOU3BOJHBIX, BXOJALUIMX B YpPaBHEHHE,
Ha3bIBACTCSI NOPAAKOM TH(P(epeHINATBHOI0 YPAaBHEHHUS.

[Tpumep.

x’y' +8y—x+5=0 - oObikHOBeHHOE MDPepeHnuaTbHOe ypaBHeHHe 1 — To mopsaka. B
ob1em Bujie 3anuceiBactes F(x,y,y")=0.

d’ d
24 +xy—y+x2 =y - OObIKHOBeHHOE nu(depeHnarIbHoe ypaBHeHHe 2 — ro mnopsaka. B

dx’ dx
obrreM Bujie 3anmuceiBaeres F(x,y,y’,y") =0

X

0z 15/4
y2—+xy—:() - nuddepeHMaNbHOE ypaBHEHHE B YaCTHBIX IPOU3BOJIHBIX TEPBOTO

Ox
HOpSIZIKA.
Onpenenenue. O6mmm pemennem 11 hepeHInanTbHOr0 YpaBHEHHUS Ha3bIBACTCS TaKast
muddepentmpyemas pynkuus Y = (X, C), kotopas npu MOACTAHOBKE B MCXOIHOE YpaBHCHHE
BMECTO HEU3BECTHOW (YHKIIMU OOpaliaeT ypaBHEHUE B TOKIACCTBO.




CBoMcTBa 00IIEr0 PEICHNUS.

1) T.x. mnocrosaas C — [pou3BOJbHAS BEIMYMHA, TO BOOOINE TOBOPS
g depeHmaIbHOe ypaBHEHHE UMEET OECKOHEYHOE MHOXKECTBO PEIICHHH.

2) Ilpu xakux- 1100 HaYaJIbHBIX YCIOBUAX X = Xp, Y(X0) = Yo CYILECTBYET TaKOE 3HAYCHUE

C = Cy, npu koTOpoM pelieHueM auddepeHnuanbHOro ypaBHEeHHS BiIgeTcs GYyHKIUSI Y = (X,
Co).

Onpenenenne. Pemenune Buma y = ¢(x, Cp) Ha3bIBaeTCsi YaCTHBIM pellleHHeM
nuddepeHIMaIBHOTO YPaBHEHHUS.

Omnpenenenue. 3anaveii Komm (Oriocren Jlyn Komm (1789-1857)- dpaniysckuii
MaTEeMaTHK) Ha3bIBACTCSI HAXOXKJICHUE JOO00r0 YacTHOro pemieHus JaudQepeHInarbHOro
ypaBHeHuUs Buaa y = ¢(X, Cp), yIOBIETBOPSIONIETO HAYAIBHBIM YCIOBUSIM Y(X0) = Yo.

Teopema Komm. (TeopeMa o0 CyIIECTBOBAaHMM U  CIUHCTBEHHOCTH  PEIICHUS
Qg epeHIraIbLHOro ypaBHeHUs 1- ro mopsiaka)

Ecnu ¢pynxyus 1(X, y) nenpepwvisna 6 nexomopoii oonacmu D 6 naockocmu XOY u umeem
6 2Moll 06aAcCmuU HENPEePbIBHYIO 4aCmHYI0 npou3eoonylo v' = f(x,y), mo kaxosa 0ol He OblLia

mouka (Xo, o) 6 obnacmu D, cywecmeyem eouncmeennoe peutenue y = ¢(Xx) ypasHeHus
y' = f(x,y), onpederennoe 6 HeKOMOPOM unmepeae, cooepicaujem mouKy Xo, NPUHUMArOuee

npu X = Xo 3HaueHue ¢(xy) = yo, m.e. cywecmsyem eOUHCmeeHHoe peueHue Ou@@epeHyuarbHo2o
YPaeHeHus.

Onpenenenue. UHTerpanom auddepeHnnanbHOro ypaBHEHUs HasbIBaeTcsl Jro0oe
yYpaBHEHHME, HE COAeprKallee MPOU3BOAHBIX, JUIsI KOTOPOro JaHHOe audepeHIuanbHoe
YPaBHEHHUE SIBIISETCS CIEIACTBUEM.

[Mpumep. Haiitu obuiee pemenne nuddepeHnnanbHoro ypaBenus xy' +y =0.

O6miee pemenue upPepeHnaTbHOr0 YpaBHEHUS UIETCS ¢ TTOMOIIBIO0 HHTETPUPOBAHUS
JIeBOM W TMpaBOil yacTell ypaBHEHHS, KOTOPOE MPEIBAPUTENHLHO MPEOOPa30BAHO CIEAYIOUIUM
obpazoM:

dy
xa+y =0
xdy = —ydx
dy  dx
v ox
Teneps nnaTerpupyem: IQ =— dx
y X
hy=-lhx+C,
Iny+hx=C,
Inxy=C,



- 3T0 o0mee pemeHue HCXOTHOTO

nuddepeHIMaIBHOTO YPaBHEHHUS.

JlommycTtuM, 3ajaHbl HEKOTOPBIE HAYalIbHBIE YCIIOBUS: Xo = 1; Yo = 2, TOra umeem
C
2=—; C=2;
1
[Ipy mojcTaHOBKE MOJIYYEHHOTO 3HAYEHHS IMOCTOSHHOW B 0O0IIee peIlleHHe IMOydaeM
YaCTHOE pelIeHHE MPH 33JaHHBIX HAYaJIbHBIX YCIOBUIX (peuieHue 3ana4un Komm).

2
y==
X
Onpenenenne. UHTErpajibHoii KpuBoii HaszpiBaeTcs rpaduk Yy = @(X) pemieHus

g depeHaIbHOro ypaBaeHus: Ha miockocta XOY.

Omnpenenenue. OcoObiM pemienneM IUGQGEPCHINATHEHOTO ypaBHEHUS HAa3bIBACTCS
TaKo€ pEIIECHHE, BO BCEX TOYKAX KOTOPOrO YCIOBUE €IMHCTBEHHOCTH KoliM He BBINOJHSAETCH,
T.€. B OKPECTHOCTH HEKOTOPOM TOYKH (X, y) CYIIECTBYET HE MEHEE JIByX MHTETPAJIbHBIX KPUBBIX.

OcoOblIe pelieHus He 3aBUCAT OT MOCTOsTHHOM C.

OcoOble pemieHust HeNb3si MOJYYUTh M3 OOLIETr0 PeuleHHus HU MpPU KaKuX 3HAYCHUSIX
nocrosiHHoi C. EcnM mocTpouTh CeMEHCTBO HHTETPaJIbHBIX KPUBBIX AU(PEpeHInanbHOro
ypaBHEHHUS, TO 0c000€ penieHne OyaeT n300pakaTbCsl TMHUCH, KOTOPasi B KaXKI0H CBOCH TOYKE
Kacaercs 110 KpalHel Mepe OJHOM MHTErpallbHON KPUBOM.

OtmeTnMm, 4TO HE Kaxoe TuddepeHuaibHoe ypaBHEHHE HMEET 0COObIe pEIIeHHUS.

[pumep. Haiitn oOmiee pemienue auddepeHnmansHoro ypaHenus: '+ y =0. Haiitu
0c000€ peleHne, €CIIU OHO CYLIECTBYET.

dy _

dx Y
Q——dx
Y
Q——jdx
Y
hy=—x+C
y:e—x eC
y=Ci-e”

Hannoe auddepeHnnaibHOEe ypaBHEHHE UMEET Takke ocoboe pemenue y = 0. Oto
pelIeHre HEBO3MOXKHO TMOIYYUTh U3 OOIIEro, OJHAKO MPU MOACTAaHOBKE B UCXOJHOE ypaBHEHHE
NoJTy9aeM ToXaecTBo. MHeHue, uto pemeHne Y = 0 MOXXHO MOTYYUTh U3 OOIIEro perieHus mpu
C1 = 0 ommbouHo, Beap C; = e© =0.

Jlanee paccMoTpuM ToApoOHEE TMPUEMBI W METOMBI, KOTOPHIE HCIHOJB3YIOTCS TIPH
pemieHnu AuQGepeHnaTbHbBIX YPABHEHUN PA3IMYHBIX THIIOB.



I[I/Id)d)eDeHHI/Ia.HBHBIG YPaBHCHHUSA IICPBOIO IIOpAJKA.

Omnpenenenue. {uddepeHnnaibHbIM ypaBHEHHEM MEePBOr0 MOPSIAKA Ha3bIBACTCS
COOTHOIIEHHE, CBs3bIBatOllee (YHKIUIO, €€ TMEepBYI0 MPOU3BOAHYI0O M HE3aBUCHUMYIO
[IEPEMEHHYIO, T.€. COOTHOLIEHHE BUJIA!

F(x,y,y)=0

Ecnu  Takoe cooTHomieHue mpeoOpasoBaTh K Buay ' = f(x,y) TO 93TO

mubdepeHMaTbHOE  ypaBHEHHE TIEpPBOrO  MOpsjKa OyAeT Ha3bplBaTbCs  ypaBHEHHEM,
pa3pelieHHbIM OTHOCUTEJILHO MPOU3BOIHOM.

[IpeoOpasyem Takoe BeIpaskeHHE Jasee:
da
-ﬁ=ﬂnw;@=fmww;fmww—@=m

P(x,y)
o(x,y)

@Oyukiuo  f(X,y) mnpeacraBum B Buume:  f(x,y)=-— , O(x,y)#0; Torma mpwu

IIOJICTAaHOBKE B IIOJIYYCHHOC BBIIIC YPABHCHUEC HMCCM:

P(x,y)dx +Q(x,y)dy =0
- 9JTO Tak Ha3biBacMmas Au(pPepeHuuaabHas GpopmMa ypaBHEHUS IIEPBOrO MOPSIKA.

Hanee paccMoTpuM mnoapoOHee TUIbl ypaBHEHMH NEpBOro MOpPsAJKAa M METOIbl HUX
peneHusl.

VYpaBuenus suma y’ = f(x).

[Mycte ¢pynkus f(X) — onpeneneHa u HenpepbiBHA HA HEKOTOPOM UHTEPBAe
a < X < b. B takom ciyyae Bce pelieHHs: JaHHOTO Au(GepeHIMAIBHOTO YpaBHEHHS HAXOIATCS

KaK y = I f(x)dx+C. Ecnu 3amaHpl HaydalbHBIE YCIOBHS Xg U Yo, TO MOXHO OIPENEIHUTH

noctostHHy0 C.

YpaBHEHHS ¢ PA3ICIAOIUMUCS TepEMEHHBIMU

Onpenenenue. [luddepennnanpaoe ypapaenue y' = f(x, y) Ha3pIBaeTCsA ypaBHEHHEM €
pa3aeJsIOINUMHCH epeMeHHBIMHU, €CITH €r0 MOXKHO 3aIicaTh B BUJIE

y'=a(x)B(y).

Taxoe YPaBHEHHE MOKHO NPEIACTABUTH TAKXKE B BUC.

¥ —a(B() = 0; @—mmmww=m-£%—MMM=0mmmw¢m

1
[Tepeiinem k HOBbIM 0003HaueHUsIM ou(x) = —X(x); —— =Y (y);

B(»)

[Tonyuaem: X(x)dx+Y(y)dy =0;



j X (x)dx + J‘Y( Wdy =C

[locne HaxoXIeHUS COOTBETCTBYIOIIMX MHTErpajoB IIOJIydaeTcs oOllee pelieHue
b depeHIMaTBEHOTO YPaBHEHHUS ¢ Pa3ACISIOIUMUCS epEMEHHBIMU.

Ecnn 3amanbl HavallbHBIE YCIIOBUS, TO MPU WX IOJICTAHOBKE B 00Ilee pelieHue
HAXOJUTCS MOCTOsHHAs BennurHa C, a, COOTBETCTBEHHO, U YaCTHOE PEIlICHHUE.

—-2x
cosy

[pumep. Haiitu oOuiee pemerne nupGepeHInalIbHOTO ypaBHEHUS: V)’ =

ycosy-d—y =-2x
dx

ycos ydy = —2xdx
.[y cos ydy = -2 J.xdx

WuTerpain, cTosAmmii B IeBOi 4acTH, OepeTcs Mo YacTsIM

u=y, dv=cosydy; ) ) )
chosydy={ Y yy}=ysmy—jsmydy=ys1ny+cosy

du=dy; v=smny

ysin y+cosy=-x>+C
ysiny+cosy+x°+C=0
- 9TO ecThb OOMmMH HMHTErpag UCXOoAHOro IudpdepeHIraTbHOr0 ypaBHEHUS, T.K. HMCKOMas

(GyHKLIMS M HE BBIpaKEHa uepe3 HE3aBUCHMYIO INepeMeHHylo. B 3rom u 3akmouaercs
OTJIM4YHe O0IIEro (YaCTHOI0) HHTerpaJsa oT 00Iero (4acTHOr0) peleHusl.

Yro6sl MNPOBEPUTH IMPABWIBHOCTH IOJYYEHHOTO OTBeTa mNpoauddepeHnupyeM €ro 1o
IIEPEMEHHOM X.
y'siny+yy'cosy—y'siny+2x=0

!

2x
=— - BEpHO

cosy
[Ipumep. Haiitn pemenne nudepeHaab-HOro ypaBHEHHS l, =In y npu ycnosuu y(2)
y
=1
dy
dx = In ydy
y
In
Idx: In ydy
y

x+C= jlnyd(lny)



2

In”y

x+C=
In*1
npu y(2) = 1 nonyuaem 2+ C = > ; > 24C=0, => C=-2
Utoro: 2(x—2)=In"y; nmm y=e"*** - gactHoe penienue;
Hposepka: y' =¥ 2z , HTOTO
+2/2x—-4
++/2x—-4 + I2 _4
Y (Ey2x )=i\/2x—4=1ny-BepHo.
y’ eir\/Zx—4
=
[pumep. Pemuth ypaBHenue )’ = y’3.
dy _ %
dx 4
y_%dy = dx
-2
[ o
3y% =x+C

27y = (x + C)* - 0bmuit muTErpan

y= 21—7(x +C)’ - obmee perenne

Hpumep. Pemuts ypasuenue )’ = x(y° +1).

Fya '[yzdil = Jax

2 2
arctgy=%+C; ¥ Ztg(%+cj;

[Ipumep. Pemmts ypaBHEHHE W oper=0 mipu ycnoBuu y(1) = 0.
X
X dy +xe” =0
dx

vdy + xe” dx = 0; lydy = —xdx;
e

J.ely dy =- J.xdx;

WnTerpan, crosmumii B 1eBoil yactu OyzaeM Opathb MO 4acTsM .

B u=y;, e’dy=dv; _ _ _
J.ye Tdy = =—eyy—J.—eydy=—e Ty—et =—e(y+1);

y

du=dy;, v=-e’;



2

e'y(y+1):%+C0;

e (y+1)=x"+C
Ecmm y(1) =0, 10 2e°(0+1)=1+C; = 2=1+C; = C=1;

Wtoro, yacTHbIi uHTerpan: 2e” (y+1) =x’+1.

[pumep. Pemuth ypaBaenue y' +sin(x+ y) =sin(x—y).

y'+sin(x+ y)—sin(x—y)=0

X—y-X-y  X-ytxty
2
y'=2sin(—y)cosx =0

y'—2sin

y'+2sin ycosx =0

d
.dy =-2cosxdx; '[ - Y _ o cosxdx,
sin y sin y
[Tonygyaem oOmIMii UHTETPA:
In tg%‘ =-2snx+C

!

IIpumep. Pemnte ypaBHEHUE 2xe™ +2=0
y

[TpeoOpasyem 3a1aHHOE ypaBHEHHUE:!
: d
+ & _ 0
ydx

—X

2xe

2xe ™ dx+ ﬂ =0
y

2 d
Ier “dx+ 4 _ C
y
42
—-e " + 1n| y| =C
[Monmyuwnu oOrmmii UHTErpan HaHHOTO MUQQepeHIIaIbHOTO ypaBHeHUs. Eciau u3 3Toro
COOTHOIIICHUS BBIPA3UTh UCKOMYIO (DYHKITHIO Y, TO IMOJIy4UM OOIIee PeLICHHE.

Hpumep. Pemuts ypasuenue y' = x(y> +1).

dy 2
—=x(y" +1
dx & )

dy

2

yo+1

= xdx




_[ dy J.xdx ; arctgy= % +C;

y2+1:
x2
=t1g| —+C
e

I[OHYCTI/IM, 3aJlaHbl HCKOTOPBLIC HAYAJIbHBIC YCIIOBUSA Xg U Yo. Torz[a:

2 2
arctgy, =x7°+C0; = C, =arctgy, —%’;

X X2
[Tonydaem yacTHOE pelieHue y =tg 7 +arctgy), — 7 .

OOHOPOJHEIC YPAaBHEHHS.

Onpenenenue. Dyukuus f(X, y) Ha3piBacTCs OMHOPOAHOW N — T0 HM3MeEpPeHUs
OTHOCHUTEJIBHO CBOMX apryMEHTOB X H Y, €CITH JUIS JTF000r0 3HaueHus mapamerpa t (kpome Hyls)
BBITIOJIHAETCS TOKIECTBO:

fe,p) =1"f(x,).

Hpumep. SIBnsercs mu ogHOpoaHOM GyHKIHMA f(X, V) =X +3x°y?
St =) +3()’ ty =" +30x°y =7 (" +3x°y) =1 f(x, )
Taxum obpazom, Gpyukius f(X, y) siBiseTcss OAHOPOAHO# 3- O TMOpPsIIKA.

Onpenenenue. JubdepennuanbHoe ypaBHeHue Buaa ) = f(x,y) Ha3pIBaeTCA

OTHOPOIHBIM, €CITi ero npasas 4acTh f(X, Y) ecTb ogHOpOaHAS QYHKIIMS HYJICBOTO M3MEPEHHS
OTHOCHUTEJIBHO CBOUX apryMEHTOB.

JIroboe ypaBHeHue Buga P(x,y)dx+Q(x,y)dy =0 sBasercs OIHOPOIHBIM, €CIH
dynxmu P(X, y) u Q(X, Y) — oqHOpoIHBIE QYHKIIMU OJMHAKOBOTO U3MEPCHUSI.

Pemenue 1106010 0JTHOPOTHOTO YpaBHEHMsI OCHOBAHO Ha MPUBEJIEHUHU 3TOTO YpaBHEHUS
K YPaBHEHUIO C Pa3AEIAIOIMMUCS EPEMEHHBIMU.

PaccmoTpum ogHOpoaHOE ypaBHeHue )’ = f(x, ).
T.k. dysakuus f(X, y) — ogHOpOAHAS HYJIEBOTO U3MEPEHHUS, TO MOKHO 3aIHCaTh:

S (1) = f(x, ).

. 1
T.x. mapameTp t BooOI1Ie TOBOPSI IPOU3BOJIBHBIHN, IPEINOI0KHUM, UTO ¢ = —. [lomyyaem:
x

f(x,) = f[l,l)
X



[IpaBass yacTb MOJYYEHHOTO pPABEHCTBA 3aBUCUT (PAKTUYECKH TOJBKO OT OJHOTO

aprymeHTra u = % , T.€.

f(x,p)= cpgj = o(u);

Hcxonnoe quddepeHnranbHOe ypaBHECHHE TAKUM 00pa3oM MOKHO 3aIlicaTh B BUJIE:
1
y'=o(u)
Jlanmee 3amensieM Y = UX, y' =u'x +ux’'.

u)—u
ux+ux'=o(); ux+u=0(u);, u' = &;
TakUM OO0pa3oM, MOJYYWIA YPaBHEHHE C Pa3ACISIONIMMUCS TEPEMEHHBIMU OTHOCHUTEIHHO
HEU3BECTHOM QYHKIHH U.

— = [Fa

du dx J- du dx
Q(u)—u X

o(u)—u B x’

Janee, 3aMeHHB BCIIOMOTATENbHYIO (DYHKIHIO U Ha €€ BBIpOKEHHUE Yepe3 X M y M Halas
MHTETPaJIbl, MOJIY4YUM 00IIee perieHre OAHOPOTHOro quddepeHIIMaTFHOTO YPaBHEHHUS.

[Tpumep. Pemuts ypaBHeHue y' = Z(ln R 1) .
x\ x

Brenem BcriomorarenbHyo QyHKIHIO U.

u=l; yv=ux; y =ux+u.
X

OTMeTI/IM, YTO BBCACHHAsA HaMH (I)YHKI_[I/IH U BCEraa IIOJIOKMTEIbHA, T.K. B IPOTUBHOM

CIIy4ae TepsieT CMBICT UCXOHOe AuddepeHInanbHOe ypaBHEHUE, coiepkaiiee In u = In .
X

[ToacTaBnsieM B HCXOHOE YpaBHEHHE:
ux+u=u(lhu+1); ux+u=ulhu+u;, ux=ulu;

~du dx du dx
Paznensem nepeMeHHbIE: = J = j =
ulnu x ulnu X

WuTerpupys, nony4yaem: ]n|ln u| = ]n|x| +C;, mu=Cx; u=e";

[Tepexons oT BcrioMoraTeslbHON (YHKIIMM 00paTHO K (PYHKIIUHU Yy, TToJlydaeM oOl1iee pelieHre:

C.
y=xe".

YpaBHECHUS, TPUBOISIITHAECS K OJJTHOPOIHBIM.




Kpome ypaBHEeHUI, OMMCAaHHBIX BBIIIE, CYHNIECTBYET KJIacC YypaBHEHUM, KOTOpHIE C
MMOMOIIBIO OMMPCACIICHHBIX IMOJACTAHOBOK MOTI'YT IPUBCACHBI K OJJHOPOIHLIM.

ax+by+c
310 ypaBHeHus Buga ' = f] (—yj
a,x+by+c,
a (3
Ecnu onpenenurens # 0, TO IepeMeHHbIE MOT'YT OBITh Pa3/ICJICHBI IT0JICTAHOBKOM
a
1 1

X=u+ao; y=v+p;

. |lax+by+c=0
rZie oL ¥ 3 - peIeHus] CUCTEMBbl YpaBHEHUH
ax+by+c =0

[Ipumep. Pemute ypaBuenue (x —2y +3)dy + (2x+ y—1)dx =0.

dy dy —-2x—y+1

[Tonyuaem (x —2y+3)—=-2x—-y+1; —_— =

" ( 4 )dx 4 dx x-2y+3
-2 -1

Haxonum 3HaueHne onpenenurens ‘ =4+1=5=0.

—2x—y+1=0 {y:1—2x _ {x=—1/5_

Pemaem cucremy ypaBHeHHI ; ; ;
x—-2y+3=0 x=-2+4x+3=0 |y=7/5

[Tpumensiem moacTaHOBKY x =u —1/5; y =v+7/5; B ucxogHoe ypaBHEHHE!

u—-1/5-2v—-14/5+3)dv+Qu—-2/5+v+7/5-1)du = 0;
(u—-2v)dv+Qu+v)du =0;
v 2u+v _ 2+viu
du 2v-u 2v/u-1

v
3amMeHsieM T[EepeMEHHYI — =1; V=ut; VvVi=tu+t IIpu TIIOJCTAaHOBKE B BBIpAXKCHUEC,
u

3aIIMCaHHOC BBIIIIC, HUMEEM.
2+t

2t -1

tu+t=

2+t _ 241202+t 2(1+t-1%)

o dt
Paznensiem mepemeHHble: —u =

b

du 2t-1  2t-1 2t-1
du_ 1 1-2 e f B I(1—2t)dt
u 2 1+¢t- 1+¢

—%hl‘l+t—t2‘=hl|u|+h1Cl
In[l+¢ - 7| = =2In|C

C
; l+t—1 =2
u

¢

2
u

]n‘l+t—t2‘=]n




[Tepexoaum Teneps K MepBOHAYATBHON (PYHKIIUHN Y U IEPEMEHHOH X.
r=2= y=17/5 = 5y—7; u=x+1/5;
u x+1/5 5S5x+1

1+5y—7_(5y—7J2: 25C,
Sx+1 \5x+1 Gx+1)?’
Sx+1)> +GBy—-7Gx+1)—(5y—7)* =25C,
25x” +10x+1+25xy+5y —35x—7-25y" + 70y —49 = 25C,
25x> —25x+25xy+75y —25y° =25C, +49—-1+7

X' —x+xy+3y—y° =C2+%=C;

Utoro, BeIpaxkenue x° —x+xy+3y—y° =C sBOseTcs OONIUM HHTEIPAIOM HCXOIHOTO
muddepeHIMaTBEHOTO YPaBHEHHUS.

, ax+by+c
B ciywae ecim B MCXOMHOM ypaBHEHWHM Buua ) = f| ————————— | omnpenenurelns
a,x+by+c,
a (v
=0, TO mepeMeHHBIC MOT'YT OBITh Pa3/iCJICHbI MTOICTAHOBKON
a
1 1

ax+by =t.

[pumep. Pemute ypaBuenue 2(x + y)dy +(3x+3y—1)dx =0.

dy _—3x-3y+1_ 3x+3y-1

[Tomygaem 2(x + y)? =-3x-3y+1;
X

dx 2x+2y 2x+2y
-3 -3
Haxonum 3HaueHue onpenenurens 5 =—6+6=0;
[Ipumensiem nmoacTaHoBKy 3x +3y =+.
d_y = t_ — ]_;
dx 3
[loacraBisiem 3TO BbIpa)KEHHE B UCXOJHOE YpPaBHEHUE:
%—1 = —302—;1); 2t(t'=3)=-9t+9; 2tt'=6t-9t+9; 2ut'=-3t+9,
t 3
Paznensiem nepemennbie: dt = dx; ——dt =—=dx;
-3t+9 t-3 2

j(l+%jdt:—% [atx;

t+3]n|t—3|=—%x+Cl

Janee Bo3Bpamaemcs K nepBOHAYaIbHON (PYHKIINH Y U IEPEMEHHOI X.
2x+2y+2]n|3(x+y—1)| =—x+C,;



3x+2y+2mI3+2Injx+y-1=C,;
3x+2y+2hfx+y-1=C;

TaKUM 00pa3oM, MbI IOJTYYMIIH OOLINI HHTETPaT HCXOJHOTO AU (HepeHInaTbHOTO ypaBHEHHUS.

JInHelHble YypaBHEHHUS.

Omnpenenenne. JuddepeHnuanbHoe ypaBHEHUE HA3bIBACTCS JMHEHHBIM OTHOCHTEIIBHO
HEU3BECTHOUM (PYHKIIUU U €€ IPOU3BOIHOM, €CITH OHO MOXKET OBITh 3aMHUCaHO B BH/JIC:
Y+ P(x)y =0(x),
IpU 3TOM, eciu mpaBas 4acTb Q(X) paBHa HYIIO, TO TaKOE ypaBHEHHE HA3bIBACTCS JIMHEHHbBIM
OHOPOAHBIM rddepeHIMaIbHBIM YpaBHEHHEM, eClid IpaBas yacTh Q(X) He paBHA HYIIIO, TO
TaKO€ ypaBHEHHE HA3bIBACTCS JIMHEHHBIM HEOHOPOIAHBIM TH(PepeHIINaTHHBIM YPaBHEHHEM.

P(x) u Q(X)- pyHKIMH HETIPEPBIBHBIC HA HEKOTOPOM MPOMEKYTKe a < X < b.

JIMHEWHBIE OJTHOPOJIHEIC I[I/Id)d)eDGHHI/IaJ'IBHBIe YPaBHCHHA.

PaccMoTpuM MeTombl HaxXOXIeHHS OOIIEro peHIeHHs JIMHEWHOTO OJHOPOJHOTO
g depeHInaIbHOr0 YpaBHEHHS IEPBOTo MOPsIKa BUA
y'+P(x)y=0.

Jus sroro Ttuna gudQepeHIUaIbHbIX YpaBHEHUH pa3[elieHue IEepeMEeHHbIX He
IIPEACTABIISIET CIOKHOCTEH.

a _ —P(x)dx
y

b

In|y| = —jp(x)dx +In|C

Y

In|=—| = — | P(x)dx;
‘C‘ [Pt
OO1wee peniexHue: y=Ce [Peodx

JImHelHBIC HECOJHOPOAHBIC )II/Id)(beDeHHI/IaIII)HBIC YPAaBHCHUS.

JInst MHTerpupoBaHus JTMHEHHBIX HEOAHOPOIHbIX ypaBHeHuil (Q(X)=0) mpumenstorcs B
OCHOBHOM J1Ba MeToja: Meroa bepuymum u meron Jlarpanxa.

Merton bepHyiuin.

(S1x06 beprymm (1654-1705) — mBeiiapckuii MaTeMaTHK. )



CyTh MeTOla 3aKJIIOYaeTCs B TOM, YTO HCKOMas (DYHKIUS MPEICTABISACTCS B BHUIC
NPOU3BEJCHUS IBYX QYHKIUH y =uv.
dv

, du
[Ipu aTOM O4EeBUIHO, UTO V' =uU -— + V- — - MU dEepEeHIIMPOBAHHUE TIO YACTSIM.
dx dx
[ToxcraBmsisi B ICXOAHOE YpaBHEHUE, ITOTyIaeM:
dv du
u—+v—+ P(x)uv = Q(x)
dx dx

u % + V(% + P(x)uj =Q0(x)

Jlanee cienyer BaXHOE 3aMe4aHue — T.K. IEpBOHaYaIbHas (yHKIMA Oblja MpeacTaBiIeHa
HaMU B BHJE NPOU3BEICHUS, TO KAXKIBIH U3 COMHOXKUTENEH, BXOAAIIMX B ATO HMPOM3BEICHUE,
MOJKET OBITE ITPON3BOJIbHBIM, BI)I6paHHI)IM 10 HAIEMy YCMOTPCHUIO.

Hanpumep, Qynkius y = 2x° MOKeT ObITh MpejicTaBieHa Kak y =1-2x°; y=2-x";
y=2X-X; AT.IL
Takum 00pazom, MOXKHO OJIHY M3 COCTaBJISIOIINX NMPOHM3BeAeHUE (DYHKIHN BHIOpATH TaK,

du
4TO BBIpakeHHe — + P(x)u =0
dx
Takum 00pa3oM, BO3MOXHO TOJYyYUTh (DYHKIHIO U, TTPOMHTETPUPOBAB, TOIYyYCHHOE
COOTHOIIIEHUE KaK OJHOPOAHOE nudepeHnanbHoe ypaBHEHHE 110 OMKUCAHHOM BHIIIE CXEMeE'!

du N U . __ .
= —P()dy; [ - [Peodx; Il == [P()ax;

—jP(x)dx ]
2

In|C,[+ Inlu| = - [P(x)dx;  u=Ce C=1/C;

Jlia HaxO0KJI€HUSI BTOPO HEU3BECTHOM (YHKIIMH V MOACTaBUM MOYUYEHHOE BBIpAXKEHHE
dv du
uisi GyHKIMM U B HMCXOJHOE YpaBHEHUE ua+v E+P(x)u =(Q(x) ¢ y4eToM TOro, 4TO

BBIPKEHHE, CTOSIIIEE B CKOOKAX, paBHO HYIIIO.

ce Jroe ﬂ —0();  Cdv =0l a,
WNHTerpupys, MoxeM HAUTH Q)yHKumo V:
v = [0()e ot gt ey y= é | o avrc,;

T.e. Obula I[IOJy4CHa BTOpas COCTaBJIAKOIIAA I[MPOU3BCACHUSA Y =uUvV, KOTOPOC H

onpeacisicT UCKOMYHO (I)YHKI_II/IIO
HO)ICT&BJ'IS[S[ IOJIY4YCHHBIC 3HAYCHUA, IIOJIy4YacM:

y=uv=Ce " UQ( el czj

OKOHYATEIRHO HOIYYaeM QOPMYIIY:

_ o Jroe ( IQ(x)e frets s C, j C; - MPOU3BONBHBIN KOI)PULHEHT.

OTO  COOTHOWICHHE  MOXXET  CUUTAThCS  PEIICHHEM  HEOJHOPOAHOTO  JIMHEHHOTO
nuddepeHIaIbLHOr0 YpaBHEeHUsT B o01ieM Buje 1o cnoco0y bepaysu.



Meton Jlarpamxa.

( JTapramx Xozed JIyu (1736-1813) - ppanmysckuii maTeMaTHk, mpes. bepaunckoit AH,
noy. ui. [Ter. AH (1776)).

Meton Jlarpanixa pelleHrsT HEOJHOPOAHBIX JUHEHHBIX auddepeHuanbHbIX
YpaBHEHUH elle Ha3bIBAIOT METOJOM BapHALMU MPOU3BOJIbHONH MOCTOSHHOIA.

BepHeMcs k TOCTaBIEHHOU 3a1a4e:
y'+P(x)y = 0(x)

[lepBbIif mar JaHHOTO METOJa COCTOMT B OTOpachIBaHMH IPABOM YaCTH YpaBHEHHS H
3aMEHE €€ HYJIEM.
y'+P(x)y=0
Jlanee HaxOOUTCS pEIIEHUE MOJYYMBIIEroCsl OJHOPOJHOro Iu(depeHIHaIbHOro
YpaBHEHUS:
—J'P(x)dx

y=Ce
Jnst  Toro, 4YToObl ~ HAWTH  COOTBETCTBYIOINEE  DEIICHHE  HEOIHOPOIHOIO
QG epeHnaIbHOr0 YpaBHEeHUs, OyeM CUUTaTh MOCTOsTHHYI0 C1 HEKOTOpor (yHKIHEH OT X.

Torna o npasuiam auddepeHInPOBAHUS IPOU3BEACHNSA YHKIMH TOTydaeM:
, dy dC(x) -[peax —(p
y =@ _dG) St e IO Cpe);
dx dx

(x)dx
HOI[CTaBHHeM MOJIYYCHHOC COOTHOLICHUC B UCXOAHOC YPABHCHUC

dC (x) . [Py
dx

IP(x)dx 7J.P(x)dx

~C(x)P(x)e +P(x)C, (x)e =0(x)

dC (x) eij(x)dx

i = 0(x);

W13 3TOoro ypaBHEeHUs onpeaeanuM nepeMeHHyro GyHkuuo Cq(X):

dC,(x) = 0l i
WHTerpupys, noay4daem:

C, = [0(x)e Jrow g v

HO)ICT&BJ'IS[S[ 3TO 3HAYCHHUE B UCXOJHOC YpaBHCHHUE, ITIOJIy4YacM.

y=e Ip(x)dx( IQ(x)e jP(x)dxa’x+ C j .

Takum 00pa3oM, MbI MOITYYHUIM PE3yJIbTAT, MOJIHOCTHIO COBIAJAIOIIUN C PE3yIbTATOM
pacuera o metony bepnyiu.

[Ipu BBIOOpPE MeTOAa pelIeHUs JIMHEHHBIX Au(p(epeHIInaNbHBIX YPAaBHEHHH CIeIyeT
PYKOBOJICTBOBATbCS MPOCTOTOI MHTEIPUPOBAaHUS (HYHKIUI, BXOAAIINX B UCXOAHBIH HHTETPA.



Jlamee paccMOTpUM OpPHUMEPHI pEUIeHHs] Pa3NuyHbIX T GdepeHINaTbHbIX YpaBHEHUN
pPa3IMYHBIMU METOJIAMU U CPABHUM PE3YJIbTATHI.

1
[pumep. Pemnts ypasuenue x°y’ + y = ax’e”.

1
1 -
Chavana npuBeeM JaHHOE YPAaBHEHHE K CTAHIapTHOMY BHAY: V' +—-y =ae”.
X

1 1
[IpumenuM noyueHnyto Boiie popmyiy: P=—; (O =ae";
X
1

1 1
7jx—2dx . J.?dx
=e J. ae*e dx+C

1 1 1 1

y=e* faexe *dx+C |=e* qaa’x+C:

1

y :e;(ax+C).

Ypasuenue bepuyiin.

Omnpenesnenue. YpapHeHuem bepHyJin Ha3pIBaeTCs ypaBHEHHE BUAA
' _ n
y+Py=0-y",
rae P u Q — pyHKIUM OT X WK HOCTOSIHHBIE YUCIIa, a N — IOCTOSHHOE YUCII0, He paBHOE 1.

Jlia pemieHus ypaBHeHUs1 bepHy/UIM NPUMEHSIOT MOJCTAaHOBKY Z = C TOMOILBIO

n-1"7

KOTOpOM, ypaBHEHUE bepHyIIM NpUBOAUTCS K JINHEHHOMY.
JIJ15 5TOTO pa3/elMM HCXOHOE ypaBHEHHE Ha Y.

' 1
yn + P n—1 = Q’
y y
_ 1 n-2 _ 1 '
[IprMEHNM TTOJICTAHOBKY, y4TS, UTO z' = —% Y= —u.
y y
- +Pz=0
n—1

z'—(n-1)Pz=—(n-1)Q
T.e. MOTyYHIIOCHh TMHEWHOE YPAaBHEHUE OTHOCUTEIHHO HEU3BECTHON (YHKIIUHU Z.
Pemienue sroro ypaBHeHnus OyneM UCKaTh B BUJIE:

z= e_jpdx( JQlejP]dxdx+ C)
O =-(n-DQ; A =—(n-1P.




Hpumep. Pemmts ypasuenue xy' + y = xy” In x.

11
Pas/ie1iM ypaBHEHHE Ha Xy Lz+—-—:1nx.
Y Xy
1 !
[Tomaraem z = —; z':—yz.
Y Yy
—Z4+—z=hx Z'—lz=—lnx
X X

[Tonaraem Pz—l, O=-hx
X
jﬁ _ [ ~
z=e ¥ I—]nxe “dx+C | z=equ—1nxe_1”dx+C;/

Z:xU_m.ﬁHj} z=x€ [inxd(nx)+C;
X

2
zZ=x| — In”x +C
2
[Tpoussenst 0OpaTHYIO MOJCTAHOBKY, MOIYYaeM:
1 In’
—=x-—T1C|
h% 2

[pumep. Penmuts ypaBHerne xy’' —4y = x° \/; .

Paznenum 06e yactu ypaBHEHUS Ha x\/; .
1
[Monaraem z = \/;; Z’=——y"; y'= 2\/52';
2y

[Tomyunmnu  nuHEHOEe  HeomHOpoaHOe  nuddepeHIrnanpbHOe  ypaBHEHUE.
COOTBETCTBYIOIIEE MY JTMHEHHOE OJTHOPOTHOE YPAaBHEHHE!
dz 22_0_ dz 2z dz 2dx.

2

b b
dc x dx Xx z X

@=2j@+q; hz=2hx+IC; z=Cx%
X

z

Paccmorpum

[Tomaraem C = C(X) u mojaCTaBisieM IOJYYCHHBIH pe3yJbTaT B JIMHEHHOE HEOIHOPOTHOE

YpaBHEHHE, C YIE€TOM TOI'O, YTO.

@ =2xC(x)+x° acx) ;
dx

»dC(x) 2x>C(x) _Xx,

b

2xC(x)+x

X X 2



dC(x) _

1
; Cx)=—Inx+C,;
dx 2x ) 2 Tk

[onyuaem: z = xz(C2 +%ln xj;

[Tpumensist 0OpaTHYIO MOACTAHOBKY, MOJIy4aeM OKOHYATEIbHBIA OTBET!

em]
y=Xx C2+§lnx ;

YDaBHeHI/IH B IMOJIHBIX III/I(bd)e‘[)CHIII/IaJIaX .

Onpenenenue. JlnddepeHnnaaprHoe ypaBHEHUE TIEPBOTO TOPSIKA BUAA!
M (x,y)dx+ N(x,y)dy =0
HA3bIBACTCSl yPaBHeHHEM B MOJIHBIX AuddepeHnnanax, eciam jgeBas 4yacTb 3TOTO ypaBHEHUS
npencTanisier co0oit moaHbl Auddepennnan HekoTopoil pynkuuu u = F(x, y).

WNuTerpupoBanre Takoro ypaBHEHHUS CBOAMTCS K HaXOXKICHUIO (PYHKIHMH U, TIOCIE YEro
petieHue jerko Haxoaurtes B Buzae: du =0; u =C.

Takum oOpa3om, I pelIeHus HaI0 ONPEIACTUTh:
1) B KakOM ciy4ae JieBas 4YacTh YpPaBHEHHS MPEACTaBIsAeT COOO0M MONHbIA auddepeHman

byHK1IIUA U,
2) KaK HailTh 3Ty QYHKIHIO.

Eciu nuddepenunansias gopma M (x, y)dx + N(x,y)dy sBnsercs noiaHbIM AUdPepeHnnaiom
HEKOTOpOoH (PyHKIIMU U, TO MOKHO 3aIIUCaTh!

du=M(x,y)dx+ N(x,y)dy = a—ua’x+a—udy.
ox oy
ou
A M(X, y)
ox
T.e. ou .
P N(xa y)
Oy

Haiinem cwmemaHHble TPOM3BOJAHBIE BTOPOro MOpsAKa, HpoAu@@EepeHIupoBaB MepBOe
yYpaBHEHUE 110 y, a BTOPOE — I10 X!

o’u _OM(x,y)
Ox0y - oy
o’u _ON(x,y)
Ox0Oy o

[IpupaBHUBas JeBbIE 4YAaCTH YypaBHEHHWH, MOJydaeM He00X0AMMOe M J0CTATOYHOE
yCJI0BHE€ TOTO, 4TO JieBas 4YacThb Jau(PepeHIIUaNIbHOTO ypaBHEHUS SBISETCS TOJHBIM
b hepeHIanom.

OM(x,y) ON(x,y)
o o

Teneps paccMOTpUM BOTIPOC O HAXOXKICHUU COOCTBEHHO (DYHKITUH U.




IIpounTerpupyeM paBeHCTBO Z—u =M(x,y):
X

u= IM(x,y)dx+ C(y).

BcenencrBue uMHTErpupoOBaHUs MOJTy4YaeM HE MOCTOSHHYIO BenuuuHy C, a HEKOTOPYIO
dyukimo C(y), T.K. IPH HHTETPUPOBAHUH [IEPEMEHHAs J TI0JIaraeTCs OCTOSHHBIM ITapaMETPOM.
Onpenenmum pynknuo C(y).
[Mpomuddepeniupyem moaydeHHOE PaBSHCTBO 110 ).

% =N(x,y) = % J-M(xa »ydx+C'(y).

Otkyna nomygaem: C'(y) = N(x, ) —% IM (x, y)dx.

Hns naxoxnenuss Qyakuuu C(y) HE0OXOIUMO TPOUHTETPUPOBATH MPHUBEACHHOE BHIIIE
paBeHcTBO. OIHAKO, Mepe] HHTETPUPOBAHUEM HAJI0 AOKa3aTh, 4To ¢yHKIMS C(y) HE 3aBUCHT OT
X. D10 ycioBue OyneT BBITOIHEHO, €CIIH TPOU3BOIHAS 3TOW (DYHKIIMHU TI0 X paBHA HYIIIO.

’ _aN(xay)_ii :aN(x’y)_i i =
ol == oo e e == 8y( = jM(w)dxj

_ON(x,y) oM(x,y) _
= Y "

Teneps onpenenseM ¢pyaknuto C(y):
)= j[N(x,y) —% [m(x, y)dx}dy e

IloxacraBisisg 3TOT PE3YJbTAT B BBIPAKCHUC IJIA (1)YHKI_II/II/I U, mosrydyaem.:

u= [M(x,y)dx+ [| N(x,) Y y)dx |dy + C.
oy

0.

Torna obmuit uHTErpan ucxoaHoro auddepeHnnantbHOro ypaBHeHus OyaeT UMeTh BU!

IM(x,y)dx + I{N(x,y) - %M(x, y)dx}dy =C.

Cnenyer OTMETWUTh, YTO NpPHU pPELIEHUH YpPaBHEHUH B MOJIHBIX AuddepeHnmanax He
00s3aTeIbHO HUCIONIB30BaTh MOJNYyYEHHYIO (GopMmyiny. PemieHne MokeT NHOIyd4uThCs Oolee
KOMITAaKTHBIM, €CJIU IIPOCTO CJIEJ0BAaTh METOLY, KOTOPBIM (hopMyJia ObliIa MOJIydeHa.

Hpumep. Pemmuts ypasuenne (3x” +10xy)dx+ (5x> —=1)dy =0

oM (x,y) o3x+10xy) 3
y
ON(x,y) o(5x* 1) B
Ox ox
VYcinoBHe  TOTANBHOCTH — BBITIONHSETCS, CIEAOBATENbHO, HCXOAHOE Au(depeHInaTbLHOS

ypaBHEHHE SBJISIETCS yPAaBHEHUEM B MOJIHBIX U depeHIanax.
Onpenenum QyHKIHIO U.

u= IM(x,y)dx+C(y) = j(3x2 +10xp)dx + C(y) = x* +5x>y + C(»);

%’szz +C'(y)=N(x,y)=5x" —-1;

[TpoBepuMm ycioBHE TOTATBHOCTHU: 10x;

10x.




C'(y)=-1; CO)= [(-Ddy=-y+C,;
Uroro, u=x" +5x"y—y+C,.
Haxomum o0yt uHTErpan ncxoaHoro AudgdepeHnnaabHOro ypaBHEeHHU !
u=x+5x"y—-y+C, =C,;.
x +5x’y—y=C.

VYpasuenus uma y = f(y’) u x = f(y’).

Pemenue ypaBHeHUil, HE colep)KallMX B OJHOM Ciydyae apryMeHTa X, a B JIPYIOM —
¢yHKUMU y, HMIIEM B TNapamMeTpuueckod (opme, mpuHMMas 3a MapaMeTp MPOU3BOAHYIO
HEU3BECTHOM (PYHKIIUU.

y'=p.

J1s ypaBHEHUS MIepBOro TUIA ofydaeM: y = f(p); v =f( p)iZEp.

Jenas 3ameny, nmonydaem: p = f'( p)j—p;
X

B pesymprare »THX mpeoOpasoBaHMi uMeeM au(QEpeHINATHPHOS ypaBHEHUE C
pa3IeNAIMUMUCS IEPEMEHHBIMH.

dx=Mdp; X = J.MderC.
p P
OOwmii nHTErpaji B napaMeTpudeckoil popme npeacTaBiIsieTcss CHCTEMON ypaBHEHUH:

x= I—fll()p)dp+C

y=7f(p)

VckmiounB U3 3TOW CHCTEMBI MapaMeTp p, MOJIyYUM OOIIMI MHTErpal U HE B apaMeTPHUECKOn
dbopwme.

Jns nuddepennmanbioro ypaBHeHus Buga X = f(y’) ¢ momormipio To# ke camoi
MOJICTAHOBKHU M aHAJIOTUYHBIX PACCYXACHUHN MOJIy4aeM pe3yJbTaT:

x=f(p)

{y=ﬁ#umw+c

YpaBuenus Jlarpanxka u Kiepo.
( Anexcu Knonx Knepo (1713 — 1765) dpaniy3ckuii MaTeMaTHK
uH. roy. wieH Ilerep6. AH )




Omnpenenenne. YpaBHenueM Jlarpan:ka HaspiBaeTcs nuddepeHInaibHOES ypaBHEHHE,
JMHEWHOE OTHOCUTEINIBHO X H ¥, KO3 (HUIIUEHTHI KOTOPOTO SABIAIOTCSA QYHKIHUAMU OT Y .
P(yNx+0(y)y+R(y)=0
JInst HaxokAeHust 00IIero peneHne MPUMEHsIeTCsl TOJICTaHOBKa P =Y .

Y= +op), f(p) =22 gy =R
()

o)
JuddepeHumpys 3To ypaBHEHHE,C yIYETOM TOTO, UYTO dy = pdx , OTydaeM:
pdx = f(p)dx+xf"(p)dp +¢'(p)dp.
Ecnu pemenne 3TOro (JMHEHMHOrO OTHOCUTENBHO X) ypaBHEHHS ecTh x = F(p,C),T0 obiee

pelieHue ypaBHeHUs JlarpaHxka MOXKeT ObITh 3alHCaHO B BHJIC:

{x =F(p,C)
y=x(p)+o(p)=F(p,C)f(p)+o(p)

Onpenenenune. YpapuenueM Kiiepo HasbiBaeTcsi ypaBHEHHE NEpBOW cTemneHu (T.€.
JMHEWHOE) OTHOCUTEIHHO (QYHKIIMU U apTyMEHTa BUJA!
y=x"+o().
Boo0mie roBopsi, ypaBHeHue Kiiepo sBIIsseTCs 4aCTHBIM cliydaeM ypaBHEHUS JlarpaHxa.
C yderoM 3aMeHbl y' = p, ypaBHCHHE PUHUMACT BU/I:

Yy =xp+¢(p).

D,
dx

@,

! al: ! ap

FomE-o
X

DT0 ypaBHCHHE UMEET JIBa BO3MOYKHBIX PCIICHHS
dp=0 wmm x+¢'(p)=0.

y=p+x

B nepBom ciywae: p =c;

y=cx+o(c)

Buano, uro o6mmii wHTerpan ypaBHeHus Kiiepo mpencraBisier coOOM CEMENCTBO MPSMBIX
JIMHUM.
Bo BTOpOM ciiyuae perieHue B mapaMeTpuueckoi ¢opMe BbIpaxkaeTcs CUCTEMON ypaBHEHUMN

y=xp+o(p)
x+¢'(p)=0
Wckmrouast mapamerp p, moiydaeM Bropoe pemenue F(X, y) = 0. Dto pemienne He
COJICPKUT MPOU3BOJIBHOM MOCTOSHHONW M HE MOJIy4€HO U3 OOIIEro pelieHus, Clie0BaTeIbHO, He
SIBIISICTCST YACTHBIM PEIICHUEM.
3T0 pemieHne OyAeT ABIATHCS 0COOBIM HHTETPATIOM.
Jlanee paccMOTpUM TIPUMEPHI PEUICHHs Pa3IMYHBIX TUMOB UG depeHIHaTbHBIX
yYpaBHEHHI IEPBOTO MOPSAIKA.

H[)I/IMGQ Pemuth YpaBHCHHC C 3aJaHHBIMU HAYaJIbHBIMU YCJIOBUSAMU.

y-Lox+l; pl)=0.
X



OT0 NMHENHHOE HEOAHOPOIHOE U] PepeHIInaTbHOe YpaBHEHHE IEPBOTO MOPSIKA.
Pemm cooTBeTCTBYIOIIEE €MY OHOPOAHOE YpaBHEHHUE.
y _y.  dy_y.
X

,__:()7 = 9 9
4 7 dx x y X

X
jﬂ= j@; Iny=Ix+hC;
y X

dy_dx

y=0Cx;
JI1st HEOJJTHOPOIHOTO YPABHEHUS 00IIIee pelieHre HMEET BHUI:
y=C(x)x;
Huddepenuupys, momyuaem: y' = C'(x)x + C(x);
Hns  Haxoxzaenuss ¢yakuuu  C(X) MOACTABIsIeM IOJYYCHHOE 3HAYCHHE B  HCXOJHOC
muddepeHIaTbHOEe YpaBHCHHE:
C'(x)x+C(x)—C(x)=x+1
xC'(x)=x+1
, 1 1
C'(x)=1+—; C(x)= I(l+—jdx+C;

X X

Cx)=x+hx+C;

Wroro, obmiee pemeHHe:| y=x(x+mhx+C). |

C yuerom HavanbpHOrO ycnoBust y(1) = 0 onpenensem noctossHHbl K03 durment C.
0=1+In1+C; C=-1.

OKoHYaTeJIbHO ToydaeM:| y = x” +xIh x — x.
Jl1s mpoBEepKH MO/ICTABUM TOJIyUYEHHBIH pe3ylbTaT B UCXOAHOE AU (hepeHInaIbHOE YpaBHEHHE:

2x+lnx+x-l—l—x—h1x+l=x+l; BEpHO
X

Huxe nokaszan rpaguk MHTErpajbHON KpUBON ypaBHEHUS.

-
T

0.5 1 15 2

Hpumep. Haitt 06mmit uaterpan ypasuenns x(y° —1)dx+ y(x*> =1)dy=0.

OTO ypaBHEHHE C Pa3AEIAIOLMMUCS IEPEMEHHBIMU.
dx d dx d
Ly e
x*=1 y -1 x° =1 y -1




In|x* =1+ |y =1| = In C;

OO6mwmii uarerpan umeet Bux: |(x° —1)(y*> —1) = C.

[TocTtponm MHTErpanbHbIe KpUBbie MU (HEepeHINaTEHOTO YpaBHEHHS IPU Pa3IMYHBIX 3HAUCHHIX
C.

C=0,02 C=05 c=1 c=2

IMpumep. Haiitu pemenre auddepeHNnaT-HOrO YPaBHEHUSA, YIOBIETBOPSIOIIEE
3aIaHHBIM Ha4aJIbHBIM YCJIOBUAM.
y'cosx =(y+1)sinx; y(0) =0.

910 YpaBHCHUEC C pasACIAIOIUMUCA TICPEMCHHBIMH.

!

Yy _sinx_ dy

= ; = tgxdx

y+1 cosx y+1
d
J—y: Itgxdx; ]n|y+1| =—1n|cosx|+]nC;
y+1
1n(y+1)c0sx|=1nC; (y+Dcosx=C;

OoO1mee perieHre UMEET BU| V = ¢ -1.
cosX

Hatinem gacTHOe perieHue npu 3aJaHHOM HadaabHOM ycioBuu y(0) = 0.

O=%—l; Cc=1.



OKOHYaTENBHO MOTYYaeM:| y = -1.

[Ipumep. PemuTs npeasiaynuii mpuMep IPYruM CIIoCOOOM.

JlelicTBUTENBHO, ypaBHEHHE Y cosx =(y+1)sinx MoOKeT OBITh PaCCMOTPEHO Kak

JIMHEWHOE HEOAHOPOIHOE AU PEepEeHIIMATLHOE YPaBHEHHUE.
y'cosx — ysin x = sin x.

Pemm cootBeTcTBYIOLIEE EMY JIMHEHHOE OHOPOJHOE YPAaBHEHHUE.

: . d
y'cosx — ysin x =0, y'cosx = ysin x; —y:tgxd)g

J.ﬂ: jtgxdanC; ln|y| =—]n|cosx|+]nC; yeosx =C;
Y

e
cosx
o)
Pemenne HeoqHOPOJHOTO ypaBHEHUS OYJET UMETh BUJ: Y = ———.
cosXx

C'(x)cosx + C(x)sin x
cos’ x
[ToacTapisis B MCXOIHOE YPABHEHHUE, TTOTYYAEM:

Torma y' =

F'(x)cosx+ C(x)sin x Jcosx _ C(x)sin x

> = sin x;
COS™ X cosX
C'(x)cosx . :
L=smx; C'x) = sin x; C(x)= J.smxdx =—cosx+C;
cosX
—cosx+C C
HUroro y = ———; y= -1;
cosX cosX
1
C yuerom HavyanbHOro yciosus y(0) = 0 monyuaeMm| y = -1
cosX

Kak BuIHO pe3ynbTaThl, MOJyY€HHbIE NpPU PELIEHUH JaHHOro U epeHInaIbHOTO
YpaBHEHHsI Pa3IMYHBIMH CIIOCOOAMH, COBIAAIOT.

[Tpu pemienun nuddepeHInanbHBIX ypaBHEHUN ObIBa€T BO3MOXKHO BBIOMpPATh METOJ]
peLIeHHs, UCXO/Is U3 CIIOKHOCTH NMPeoOpa30BaHUM.

1 .
[pumep. Pemmthb ypaBHEHHE )’ + ) COSX = Esm 2x ¢ HayanbHBIM ycsioBueM y(0) = 0.

OTO JNMHEHHOE HEOJHOPOAHOE YypaBHEHHE. PemmMm COOTBETCTBYyIOIIEE €My OJHOPOIHOE
ypaBHEHUE.



d :
y'+ycosx =0; — =—cosxdx h1|y| =—sinx+C,;
y= e—sinx 'eC]; y= Ce—sinx;

Jlist TMHEHHOTO HEOTHOPOTHOTO YpaBHEHUs O0Iee peleHue 0y 1eT UMETh BUL:
y — C(x)e—sinx;
Hns onpenenenns pyaknuu C(X) HaiigeM MPOU3BOIHYIO (DYHKIIMH y W TOJCTaBUM €€ B
ucxonHoe AudQepeHnranbHoe ypaBHEHHE.

¥y =C'(x)e ™ — C(x)e ¥™ cosx;
C'(x)e”™ = C(x)e "™ cosx+ C(x)e "™ cosx = sin xcos x;
C'(x)e"™ =sinxcosx;  C'(x)=e "™ sin xcosx;
V=™, dU = cosxdx;

C(x) = Ie““ sin x cos xdx = ,
dV =e™" cosxdx; U =sinx;

} =™ sinx — jesm cosxdx =

=™ "sinx—e™" +C.

~ .
—sinx ,

Utoro y =e ™ €™ sin x — "™ + C, | y=snx-1+Ce™™;

[TpoBepum nonyyeHHoe oOliee peleHrne MoICTaHOBKOM B McxoaHoe auddepeHuanbHoe
ypaBHEHUE.

cosx+ Ce™

sinx sinx

(—cosx)+sin xcosx —cosx +Ce ™™ cosx = sin xcosx; (BEpHO)

Haiinem wactroe pemenue mpu y(0) = 0.
0=sin0-1+Ce’; C=1.

—sinx __ 1

OkoHYaTenpHO| y =Sin X + e

[pumep. Haiitu pemenue nuddepeHnnaibHoro ypaBHeHUs
20xdx—3ydy=3x"ydy—Sxy*dx
C HayalbHbIM ycinoBueM y(1) = 1.

910 YPaBHCHUC MOKCT OBITh npeo6pa30BaH0 U TIPCACTABJIICHO KaK YpPaBHCHUC C
pa3aciICHHBIMU IIEPEMCHHBIMU.

20x -3y’ =3xyy’ —Sxy°; 3/ (x* +1) =5x(y* +4);
, 3y 5x 3y 5x

= ; dy = dx;
Yy +4  x+1 Yy +4 4 x*+1
3y S5x
dy = dx;
Iy2+4 Y JQx2+1

gln(y2 +4) :gln(x2 +1)+InC,

(y>+4) =C-(x* +1)°; Y +4=C-3(x*+1)*;
5

yr=C(x* +1)3 -4



5
y=\C(x*+1)* —4;
C yueToMm HayaJIbHOTO YCJIOBHSL:

5
1=NVC-20 —4=\JCAB2 -4,  1=2CN4—4 s5-20Va 125-8C°.4; C*=12,

32

2 3
OkoHYaTenpHO | ¥ = S(X +1j -4

[pumep. Pemuts auddepeHumansHoe ypaBHeHHE xy' +y=x+1 ¢ HavalbHBIM
ycnoBueM y(1) =0.

DT0 TMHEHHOE HEOTHOPOJIHOE YPaBHEHHE.
Pemum cooTBeTCTBYIOIIEE EMY OJJHOPOIHOE YpaBHEHHE.

W +y=0; xd—®=—y; D& =—mp{+hC;
X y X
w=C  y=5
X

Pemenne HeoAHOPOJHOTO ypaBHEHUS OYJET UMETh BUJL!

_CM).
x 9
ITogcTaBuUM B HCXOTHOE YpaBHCHHUE!
YEOC) €Oy O c@=ae
X X X

2

C(x):%+x+C;

X C
OG6miee perenue OyaeT uMeTh BUIL: | ¥y = —+1+—;
X

C ydyerom HavanpHOTO yemoBus y(1) =0: 0= % +1+C; C= —%;
x 3

YacrtHoe pemieHue:| y=———+1;
2 2x

[pumep. Haiitu pemienue nuddepeHnnanIbsHOro ypaBHeHus xy' = yln[lj C HayaJbHbIM
X

ycioBueMm y(1) =e.

OTO ypaBHEHHE MOXET ObITh MPHUBEACHO K BUIY YpPaBHEHHUS C pa3JeisIIOIIMMUCS
MEPEMEHHBIMH C TOMOIIBIO 3aMEHbI IEPEMEHHBIX.



O6o03HaYnM: ln(lj =u; Y e"; y=uxe"; V' =xu'e" +e";
X

VpaBHeHHE IPUHUMAET BHII:
xu'e" +e" =e'u; xu'+1=u; xu' =u-—1;

[Tonmyunnu ypaBHEHHE C Pa3aeISIIOIIUMUCS TEPEMEHHBIMHU.

du du dx
x—=u-1; =—
dx u—-1 x
o 2 mp-t=mj+hC  u-1=Cx
u—1 X

Crenaem obpatnyto 3ameny. Cx = ln(z) —1; ln(lj —Ce+l; L=,
X

s
X X

Obwee pewenue:| y = xe " ;

C yuerom HayaneHoOro yenous y(1) =e: e=e“*'; C=0;
YacTHOe pelieHue:

Bropoii cioco0 perneHus.

' =y
X
x'=yhy-yhx;

y ——lny———lnx

[Honyunnn JIMHENHOE HEOOHOPOAHOE nuddepeHmansHoe
CooTBeTcTBYIOIIEE OJTHOPOJIHOE:!
y——hy 0;
;Y dy _dx dﬁy
Y=ty —e=th [S S I
X ylny x

1n|h1y|:h1|x|+h1C; Iny =Cx; y=e";
PeleHre HCXOIHOTO ypaBHCHI/ISI uieM B Buze: y = e,
Torma y' = e““* C'(x)x +C(x) 3

HOIICTaBI/IM MOJIYYCHHBIC PE3YJIbTAThI B UCXOHOC ypaBHCHI/Ie:
eC(x)x

xe“" €' (x)x + C(x) :: e In——:

X

x*C'(x) +xC(x) = C(x)x —In x;

XC'(x)=—hx; cxmz—kg,
X

ypaBHEHHE.



dx

u=lhx dv=—;
In ’ 2’ In - In 1

C(x)=- —zxdx: Yol x—J' 021x L e

X dx 1 X X X X

du=—; v=——;

X X

y — eC(x)x — elnx+l+Cx — xer+l;

ITomyuyaem oO1iee peuieHue: |y = xe " ;

Y

[pumep. Pemmts auddepenunansHoe ypaBHeHHE ) +e* Y20 ¢ navansHBM
X

ycioBueMm y(1)=0.

B sTtom ypaBHCHI/II/I TAaKXE YI[O6HO IIPUMCHUTD 3aMeHy MNEPEMCHHBIX.
Yy '

e =u; Zzlnu; y=xhu; y'zlnu+xu;
X u
VYpaBHeHHe TpUHUMAET BUA: In u + M oru-hu= 0; xu'+u’ =0;
u
, ) du dx du dx
w'=-ut; = — ===
u X u X
1 1
—=Ihjx+nC; —=hCx;
u u
¥ y
Jlenaem oOpaTHyI0 MOACTAaHOBKY: e * = In Cx; — = =In(ln Cx);
X

Ob6mee pemenue:| y = —x In(ln Cx);

C yuerom HavanbHOro ycinoBus y(1) =0: 0=—In(ln C); C=e¢e

YactHoe pemenue: | y = —xIn(Iln ex);

Bropoii ciocob pemeHus.

y
V' +e® ~Yoo
x

3aMeHa epeMeHHOM: u = Z; yv=ux; y =u'x+u,

X
ux+u+e" —u=0
u'x+e" =0
du ;
—x=—e

dx
_ dx
—edu =—
X
. dx
—Ie “du= |—;
X

2

e = ln|x| +InC; e = ]11|Cx




—u =In(ln|Cx

),  u=—In(ln|Cx

);

O6mee pemenue:| y = —x In(In Cx);

I'eoMeTpuyeckas HHTEPIPETALINS PeleHni tnddepeHnanbHbIX
YpaBHEHHUH IEPBOr0 HOPSAAKA.

y a

Kak y>xe roBopuiioch BblllI€ JIUHUA S, KOTOpas 3aaeTcs GyHKIMEH, sBIAOLeHcsS KaKiuM-
anbo penieHHeM AU(PQPEpeHIUanbHOIO ypaBHEHHS, HA3bIBA€TCSl WHTErpajbHONM KpHUBOMU

ypaBuenus y' = f(x,y).

[IponsBonHas Y’ ABIsETCS YII0BBIM KO3(p(PUIHEHTOM KacaTeJbHOIl K HHTerpajabHOM
KPHUBOM.

B nro06oif Touke A(X, y) HUHTErpajbHOM KpPHBOW JTOT YIJIOBOM  KO3(PPHUIMEHT
KacaTeJIbHON MOXeT ObITh Hal/IeH ellle 10 pemeHus TuddepeHIaaIbHOr0 ypaBHEHUS.
T.x. KacatenbHas  yKa3plBa€T HANPABICHHWE MHTEIPAaJbHOM KpHUBOM emie 10 ee
HEMOCPE/ICTBEHHOTO TIOCTPOCHHS, TO TPH YyCIOBHU HempepbiBHOCTH OGyHKumu f(X, y) wu
HETMPEPHIBHOTO TIEPEMEIICHHUS] TOYKH A MOXXHO HArjsiHO W300pa3uTh MoJie HanpaBJeHHi
KPHUBBIX, KOTOpbIE IOJy4alOTCs B pe3ylbTaTe HWHTETPUPOBaHUSA U depeHIMaIbLHOro
ypaBHEHUS, T.€. MPEJCTABISIOT COOOM ero o0IIee pereHue.

Onpenenenne. MHOXECTBO KacaTelIbHBIX B KaXJOM TOUKe paccMaTpuBaeMON 00J1acTH
Ha3bIBACTCSI MOJIEM HATIPABJICHHU.

C yderoM CKa3aHHOTO BBIIIE MOXHO IIPUBECTH CIEAYIOIIEE I'€OMETPUUECKOE
ucrosikoBanue AuddepeHnaaTbHOTO YPaBHEHHUS !

1) 3anmare quddepeHmansHOe ypaBHEHHE TIEPBOTO TMOPSIKA — ATO 3HAYMT 33/1aTh IOJIE
HaIlpaBJICHUM.

2) Pemuth WM MPOUHTErPUPOBATh TU(PPEPEHIIMATBPHOE YPABHEHHE — 3TO 3HAYUT HAWTH
BCEBO3MOXKHBIE KPUBBIE, Y KOTOPBIX HANpaBJIEHUE KACAaTENbHBIX B KaKJI0M TOYKE COBIAJAET C
MOJIEM HAMPABIICHUM.

Onpenenenne. Jluaum paBHOTO HAKJIOHa B TIIOJIC HaHpaBHCHI/Iﬁ Ha3bIBAIOTCA
H30KJIHMHAMMU.




YwnclIeHHBIE METOJIBLI PEeIICHUS III/Id)(bGDCHHI/Ia.HBHBIX YpaBHCHUM.

W3BecTHBIE METOABI TOYHOTO HWHTETpUpOBaHUS aupdepeHInalbHbIX  ypaBHEHUH
HO3BOJISIIOT HAWTH PELIeHHE B BUJIE aHATUTUYECKOW (PYHKIIUH, OJHAKO 3TH METOJIbl IPUMEHUMBI
JUIsl OYEHb OIPAHMYEHHOIO KJIAaCCa YPaBHEHUMU. bOJIBIIMHCTBO ypaBHEHM, BCTPEYAOLIUXCS IIPU
pELIECHUHU IPAKTUYECKUX 3a/1a4 HEJIb3s IPOMHTEIPUPOBATH € IIOMOIIBIO 3TUX METOOB.

B Takux ciy4asx HCHOIb3YIOTCA YMCICHHBIE METOJIbI PELICHUS, KOTOPBIE MIPEACTABIISIOT
peumeHne UG GEpeHMaIbHOIO ypaBHEHUs HE B BUJE AHAIMTUYECKON (QYHKLIMHU, a B BHUIE
TaOIHI] 3HAYCHUH NCKOMOW ()YHKIIMU B 3aBUCHMOCTH OT 3HAUEHUS TIEPEMEHHOM.

CyiiecTByeT HECKOJIbKO METOJIOB YHCIEHHOIO HMHTErpUpoBaHus UG (epeHIaIbHbIX
YPaBHEHUH, KOTOpPbIE OTJIMYAKTCS APyl OT JApYyra IO CIIOXHOCTH BBIYHMCIECHUW U TOYHOCTHU
pe3yJibTara.

PaccmoTpuM HEKOTOpBIE U3 HUX.

Merton Ditnepa.
(JIeonapn Ditnep (1707 — 1783) mBeriapcKkuii MaTEMaTHK )

W3BectHo, uTO ypaBHeHume ' = f(x,y) 3agaeT B HEKOTOpOW o0O1acTu moje
HampaBieHui. PemieHue 3TOro ypaBHEHMs C HEKOTOPbIMM HAayaJIbHBIMU YCIOBHSIMH J1aeT
KpPHUBYIO, KOTOpasl KacaeTcs MOoJis HalpaBJIeHUH B J1I000H TOUKe.

Ecnu B34Th mOC/I€0BaTENbHOCTh TOYEK Xg, X1, X2, .... M 3aMEHUTh HA NOJYYMBIIUXCS
OTpe3Kax MHTErpajbHYI0 KPHUBYIO Ha OTPE3KM KacaTelbHbIX K HEW, TO IOJYyYUM JIOMaHYIO
JIMHUIO.

y
M
M, — ™ Ms;
Mo
Yo[ 71 4
0 xg X1’ X' X3' X4 X

IMpu mojaCTaHOBKE 3aJaHHBIX HAYadbHBIX YCIOBHH (xo, yo) B AuddepeHmmanbHoe
ypaBHeHue ' = f(x,y)moay4aeM yrioBod Kod(p(HUIMEHT KacaTelbHOW K HWHTErpabHOM
KPUBOU B HaYaJIbHOM TOYKE

!
igo, =y = f(xy, )
3ameHuB Ha OTpe3Ke [Xo, X1] MHTErpaIbHYIO KPUBYIO HAa KACaTEIbHYIO K HEH, IMOJydacM
3HAYCHHE
Vi =Yo + S (X0, 70X —X).
[Tpou3Bo/ist aHAIOTHYHYIO OTIEPAIIHMIO TSI OTpe3Ka [X1, X2], momydaem:
Yo =0+ f(x,p)(x; —x)).

IMpomomkast momo0HBIE OEHCTBUS Jaiee, MOJy4aeM JIOMAHyl KPHUBYIO, KOTOpas
Ha3bIBACTCS JJOMaHOM JilJiepa.

MO:KHO 3armucath o0IIyI0 (GOpMYITy BHIUHCICHHIA:

yn = yn—l + f(xn—l ’yn—l )(xn - 'xn—l )

Ecnu nocnenoBarenbHOCTh TOUYEK Xj BBIOPATh TakK, YTOOBI OHU OTCTOSUIU APYT OT Jpyra Ha
OJIMHAKOBOE paccTosiHKe N, Ha3pIBaeMoOe MaroM BBIYHUCIICHUSI, TO IOJTy4aeM GpopMyIIy:



Yy =YV t (X y,)h

CrnenyeT OTMETUTD, YTO TOYHOCTh METOa Diijiepa OTHOCUTEIHHO HEBBICOKA. Y BEIMYUTh
TOYHOCTb MOXHO, KOHEUHO, YMEHBIIIHB 11ar BIYUCICHUH, OHAKO, 3TO IPUBEACT K YCI0KHEHUIO
pacueToB. [loaToMy Ha MpakTUKE TPUMEHSIETCS TaK Ha3bIBAEMbIM YyTOYHEHHBIN MeTo/ Jiljiepa
i (popmyJia nepecyera.

CyTb METOJa COCTOUT B TOM, 4TO B hopmyne y, =y, + f(x,,),)h BMECTO 3HaYECHH

Vo = f(x,,y,) Oeperca cpemnee apupmernueckoe 3HaueHui f(Xo, Yo) m f(X1, y1). Torma
YTOYHEHHOE 3HAYEHHE:

f(XO’yO)+f(x1’yl)h
2

@ _
Vi =Yt

b

3aTeM HaXOIUTCs 3HAYEHME TPOU3BOIHON B Touke (x,, ). 3amenss f(Xo, Yo) cpennum
apudmeTrueckum 3nauennii f(Xo, yo) u f(x,, "), HAXOAAT BTOPOE yTOUHEHHOE 3HAUEHHUE V1.

f(xoayo)"'f(xl’yl(l))h.
2 b

(2) _
W =Wt

3areM TpeThe:

3 _
Vi =Yt

S (x5 ¥0) +f(x1ay1(2)) i
> ;
U T.J. TIOKa JIBa MOCJIEJOBATEIbHBIX YTOUHEHHBIX 3HAYEHUS HE COBMAAYT B Ipeleax 3aJaHHOU
CTeNeH! TOYHOCTHU. Toraa 3To 3HaUeHUEe IPUHUMACTCS 32 OPAMHATY TOUKH Mj JjoMaHou Diinepa.
AHanoruyHas omnepanus IpOU3BOAUTCS IS OCTATLHBIX 3HAYCHHH .

HOI[O6HOC YTOUYHCHUC IMO3BOJIACT CYIICCTBCHHO ITOBBICUTh TOYHOCTDb PEC3YyJIbTAaTa.



