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I. YU CJIOBBIE PA/AbI

§1. CxoamMoCTh M PaCcX0AMMOCTh PAA.
Heo0xoauMblii IPU3HAK CXOAMMOCTH.

[TycTh 3agana HEKOTOpasi 0ECKOHEUHAs MOCJIEI0BATEIbHOCTh YHCE
A1, Aoy Ay syt
Torna BeIpaxeHue

o0
Zan:a1+a2 +az+..+a, +.. (1)
n=1
Ha3bIBAETCS YMCIIOBBIM PSAJIOM, @ CAMM YHCIA dy, d, ... — WieHaMH psaa. Cymma
n TEPBBIX WYIEHOB psJa Ha3blBa€TCs #-M YaCTUYHOW CYMMOH pAxa U
o0Oo3Hauvaercs S, :
n
Sn:Zak=a1+a2+...+an. (2)
k=1
Ecmu cymectByer mnpemen S OECKOHEYHOW TIMOCIEIOBATEIBHOCTH YHCEI
S1,85,...98,,..., T. €
lim S, =S, 3)
n—0
TO 3TOT Mpeaen Ha3biBaloT cyMmon psiaa (1), a cam psg (1) B aTom ciydae

HasbIBaeTcs cxopsmumces. Eciu ke mpenen lim S, He cymectByer, To psaf (1)
n—®

Ha3BIBAIOT pacxosanuMcs. Pacxoasmuiics psa cyMMbl He uMmeeT. O1HaKo, eciiu

lim S, =+ 00, TO HHOrA TOBOPAT, 4TO psif (1) UMeeT OECKOHEUHYIO CyMMY.
n—o0

ITycts psag (1) cxomurcsa. Torma ero dactuuHas cymma S, sBISETCA
npUOIMKEHHBIM 3HAUCHUEM 1T cyMMBI S . [TorpenHocTs 3Toro npubIuxKeHus

r, =8-S, (4)
Ha3bIBAETCA OCTATKOM Psiia. DTOT OCTATOK SIBJISIETCSI CYMMOM psija:
o0
r, = Zak =, +a,. +.. 5)
k=n+1
Ecmu psag (1) cxomutes, TO
limr, =0.
n—0
beckoneunasi reomeTpuueckas Iporpeccus
a+aq+aqg® +..+aq"" +.. (a#0) (6)
€CTh CXOJAILIUICSA YUCIOBOU P, €CIU ‘q‘ <1. Cymma psga (6) paBHa B 3TOM
ciryyae
a
S = :
I-q

B ciyuae |g| > 1 psin (6) pacxomutes.
Ecnu psan (1) umeer cymmy S, TO psia



o0
Zc-an =ca, +ca, +..+ca, + ... (7)
n=l
cxonutcs U umeeT cymmy c - S. Ecim ke psag (1) pacxoaurcst, To (ripu ¢ #0)
pacxoautcs u psf (7).
Cxopsmuecs psabl MOXHO TMOWICHHO CKJIAJbIBaTh M BBIUMTATH, T. €., €CIH
JTAHBI CXOMISIIAECS PSIBI

S=a,+a,+..+a, +.. (8)
U:b1+b2 +"’+bl’l+"" (9)
TO PsABI
(a; +b))+(ay +by))+...+(a, +b,) + ... (10)
(a; =b))+(ay, =by)+...+(a, =b,) +.. (11)

TOKC CXOIATCA, U CYMMBI UX COOTBCTCTBCHHO PAaBHBI S+ounS-o.

CBOMCTBO CXOOUMOCTH WJIM PAcXOAWMOCTH psifa HE Hapyllaercs, eciu
OTOPOCUTH WM PUOABUTH K HEMY JTH000€ KOHEYHOE YMCIIO YJICHOB.

Heo0xoaumplii IPU3HAK CXOAMMOCTH PSAA:

Ecau psaa (1) cxoaurcesi, TO ero o0Iuil YieH CTPEMHUTCH K HYJIK0 NMPH
n—>00,T.e.

lim a, =0.
n—>0

OOpatHoe yTBep:kIeHHe HeBepHO. M3 Toro, uto lim a, =0, cxoauMocTs psna
n—>®
o0

Zan HE CICOyeCT. I[J'I)I CXOOUMOCTH psAaa 06H11/Iﬁ YICH psdaaa OOJDKCH HE
n=1
IIPOCTO CTPEMHUTHCA K HYJIIO, HO ACIIaTh 3TO JOCTATOYHO 6BICTpO.

0

1
IIpumep 1. Unenwsr psana Z— =l+—+—-+..4+—+.., Ha3pIBAEMOIO

~n 2 3 n

.1
TFapMOHUYECKUM, CTPEMSITCS K HYJIIO C pocTOM UX HoMepoB ( lim — =0), onHako

n—w n
3TOT psAA pacxoxutcs, ero lim S, =+o. (PacxomumocTs MOXeT ObITh
n—»0
JI0OKa3aHa UHTETPaIbHBIM IPU3HAKOM).
o1 1 1 1 1
Ilpumep 2. Yiensl psina Z— =—+—+—+...+—+... TOXKE
~2" 2 4 8 2"

.1
CTPEMSITCSl K HYJIIO C POCTOM MX HOMepoB ( lim = 0), HO yOBIBaIOT OBICTpEE,
n—o0 )

YCM YJICHBI I'apMOHHWYCCKOI0 pPs/aa. OTOT pAd YKC ABJEICTCA CXOAAMMUMCA, €TO
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CyMMa MOET ObITh HaiijieHa 1o (opmysne CyMMbl OECKOHEUHO YyOBbIBAIOLICi
r€OMETPUYECKON ITPOTPECCHH:

a 1 1
S=—1 " /11— 1|=1.
l-g 2 2
C IIOMOIIIBIO HGO6XO,Z[I/IMOF0 HpI/IBHaKa CXOOUMOCTHU HCJIb34d O0Ka3aTb
CXO0OAUMOCTb psma, HO HHOTI'Ja yI[aéTCﬂ J0Ka3aTb paCXOI[I/IMOCTB, HpI/IMeHHH

CJIIEACTBUE K3 HEOOXOOUMOro NpPHU3HAKA, KOTOPOE JIETKO JOKa3bIBAETCS OT
IIPOTUBHOTO.

CaencrBue U3 HeO0X0AMMOI0 Npu3HaKa CXoaAuMoOCTH:

Ecau lim a, #0, To psix pacxoaurcs.
n—»0

IIpumep 3. BBIsICHATD, CXOOUTCS UM PACXOIUTCS P
o0

n
Zn+1'

n=l1

lima, = lim =lim ——=1, 1. e.
n+l now nson+1 n-oo 1

1+ —
n

lim a, # 0. Ha ocHOBaHMH CIEACTBHS U3 HEOOXOAUMOIO IPU3HAKA 3aKIII0YAEM,
n—>0

YTO JTaHHBIA PAJ PACXOIUTCS.

OOl wieH 3Toro psga a, =

IIpumep 4. IlpoBepuThb, BBINOJHAETCA JIM HEOOXOJUMBIM MPHU3HAK

o0
2n
CXOJIUMOCTH JIJIS psijia )
2 41
T no o+
: . 2n : 2/n 5
lim a, = lim —— = lim ——— = 0. Heo0xoauMsIil IpU3HAK BBIIOJIHAETCS,
noo " nomp? 4] noo]41/n?

IMO3TOMY pAd MOKET OBITH KaK CXOAMUMCA, TaK U PACXOIAINMCA, YTO MOKHO
YCTAaHOBUTD JIMIIB ITOCJIC AOIMOJHUTCIIBHOI'O NCCIICAOBAHUA.

HccnenoBanue CXOOUMOCTHM — PSJOB, Kak IMPAaBUIO, CBOJUTCI K
BBIYMCIICHUIO HEKOTOPBIX IIPEEIIOB, IIPX OTOM YaCTO UCIIOJIb3YIOTCS U3BECTHBIE
YCIIOBUSI HKBUBAJIEHTHOCTU OECKOHEYHO MaJIbIX, KOTOpBIE NMPUMEHHUTEIBHO K
psAaaM NPUHAMAIOT BUJ IIPU 1 —> 0O

101 1 1 ( 1} 1
sin—~—, tg—~—, Infl+—|~—,
n o n non n) n



1
) 1 I 1 - 1

arcsin—~ —, arctg—~—, e” —1~—,
n o n n on n

nl~.|2zn (ﬁ) (popmyna Ctupnunra).
e

YacTto Takxke MNPpUXOJUTCA UMCTH ACJIO C IPCACIIaMU:

1 n
lim " =0 (p>0), lim(1+l) —e, lim&n? =1.

n—wo pP n—>00 n n—>00

§2. Psiabl € MOJIOKUTEIBHBIMY YJICHAMM.
JlocTaTouHble MPU3HAKUA CXOAMMOCTH.

PaCCMOTpI/IM YHUCJIOBBIC PAOBI C ITOJIOKHUTCIIbHBIMU YJICHAMMU
0

Zan=a1+a2 +..+a,+.. (a,>0) (1)

n=l1

DY b, =b+by+..+b, +.. (b,>0) (2)
n=1
IepBobiii npusHak cpapHenusi. Ecam paa n>n, a, <b, n paa (2)

cxoauTes, TO cxoaurcs Tak:ke u psag (1). Ecou past n2ny a, 2b, u psan (2)

pacxoaurcs, To pacxoaurcs u psa (1).
Bropoii npusHak cpaBHeHus. Ecam cymecrByer KOHEYHBId M
OTJIMYHBIN OT HYJIA Npees

lim 2% — 420,

n—>0 bn

TO psiabl (1) u (2) CX0AATCH UM PACXOAATCS OJHOBPEMEHHO.
[Ipn uCnonb30BaHUM MNPHU3HAKOB CPABHEHUSI HCCIEIYEMBIA Psijl 4acTo
CPaBHMBAIOT WU C OECKOHEYHON reOMEeTpUUECKON Mporpeccueit

o0
Saq" @ro),
n=1
KOTOpas Ipu ‘q‘ <1 cxomurcs, a mpu ‘q‘ >1 pacxomurcs, ui ¢ psaaoM upuxie
i 1
p
n=1 1
(p — nedictBuTenbHOE uymucio). Ilpu p = 1 3TOT psa sABASETCS rapMOHUYECKUM

(MOKHO CpaBHHMBATh U C IPYTUMH U3BECTHBIMU PSIIaAMH).
Ipusznak lagamoepa. Ilycrs nus psaga (1)

lim Antl _ q
n—>®0 an
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Ecam g <1, To psaa cxomurcsi, ecam g > 1, To pag pacxoaurcs. Ilpu g =1

BOIIPOC 0 CXOAMMOCTH PSAAA OCTAETCH HEPEeIIEHHBIM.
Ipusznak Koumwu. Ilyers aas psga (1)

lim 2/, =q.

Ecam g <1, To psig cxoaurces, ecaim g >1, To paa pacxoaurcs. Ilpu g =1

BOIIPOC 0 CXOAUMOCTH PSiIa OCTAETCSH HePeUIEHHbIM.
HNurterpanapnplii _nmpusHak. Ecam f (X)) — HeoTpumareabHas
HeBo3pacTaomas GyHkuus npu X > 0, To psia

S )
n=1

CXOAUTCHA UJIH PACXOAUTCH OTHOBPEMECHHO C HHTEIrpajioM

jfumx

3ameuanne 1. HmwkHUM mpenenoM WHTETPUPOBAHUS MOXKET OBITh 000
JPYroe MOJIOKUTEIbHOE YUCIIO U3 00JIACTH onpeiefieHus] GyHKIUH.
3ameuanue 2. C mOMOIIbIO MHTETPATIBHOTO MPU3HAKA JIETKO I0Ka3aTh, YTO
pan dupuxiie
e 0]
1
P
n=1 n
cxoauTcs npH p > 1 u pacxonures npu p < 1.

IHpumepsl
1
IIpumep 1. BBIsICHUTD, CXOUTCS UIN PACXOIUTCS P Z \/_

JlaHHBIN ps 3HAKOMOJIOKUTENbHbIA. CpaBHUM €ro ¢ rapMOHI/IquKHM

psaoM Z—, KOTOpPBbI pacxoautca. YneHsl JaHHOTO psAna Oosblie
n=1 n
COOTBETCTBYIOIMX WIEHOB FTapMOHUYECKOT0 psilia:

11
> (n=1,2,3,..).

Jnon

[Io mepBOoMy NpHU3HAKYy CpPaBHEHHUS M3 PACXOJUMOCTH TapMOHUYECKOTO psiaa
CIEeAYyeT pacXoAUMOCTh JAHHOTO psIa.
3ameuanue. PacxonumocTh TaHHOTO psia MOKHO I[OKaBaTB C MOMOIIBIO

WHTETPAIBHOTO NPU3HAKA WM IMPOCTO YKa3aTb, 4YTO PAX Z \/_ €CThb DAL

1
Jwupuxie npu p = 3 Tak kak p < 1, TO psix pacxoauTCs.

IIpumep 2. BBISICHUTD, CXOOUTCS U PACXOIUTCS PSIA
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®  Hn

n=l1

0 n
. . 2
JIaHHBIN psA 3HAKOMOJIOKUTENbHBIA. CpaBHUM €ro C psaom E (5 ,

n=1
KOTOPBIU SBJISETCS CXOIAIIECHUCS TEOMETPUUECKON MPOTPECCUEH C

2
=—<1.
1 3

[To mepBOMYy MPH3HAKY CPaBHEHHS CPaBHUM COOTBETCTBYIOIIHE WICHBI IBYX
PAIOB:
2" 2"
<— (n=12,..).
n-3" 3"
Tak Kak 4ieHBI JAHHOTO Psa MEHBIIIE COOTBETCTBYIOIINX YIEHOB CXOIAIIETOCS

o n
psma Z (gj , TO I[aHHBIﬁ pHI[ CXOOUTCH.
n=1

IIpumep 3. BeIsACHUTD, CXOOUTCS UM PACXOIUTCS P

o0
1
E sin —.
n=1 n
JlaHHBIA psif  ABIACTCA 3HAKOIOJOXKUTEINBbHBIM. [IpuMeHum BTOpOM

0
. . 1
MPU3HAK CPABHEHMS, MJII CPABHEHHUS BO3bMEM TapMOHWUYECKHAUN PSJI Z—,
n=I n
KOTOpBIU gBJsieTcs pacxoasmumcs. Haiiném
1

a sin— l—a sin &
lim -2 =lim — % =| , = lim =1.
n—>0 bn n—owo 1 a—0 «
— a—>0
n

[To BTOpOMYy NMpHU3HAKY CpPABHEHUS NAHHBIN PsJ U FAPMOHUYECKHA BEOyT CeOs
OJIMHAKOBO, T. €. U3 PAaCXOJMMOCTH FAapPMOHHUYECKOTO CJIEAYET, YTO U JAHHBIN
P paCXOIUTCH.
IIpumep 4. MccnenoBaTh, CXOANUTCS WA PACXOAUTCS P
o0
>
nn

n=1

o0
JIaHHBIA PSAI MEpPENUIIeM B BHUIE Z 210 — psag  Hupuxie npu

3/2°
n=1"1

3 .
p= 5 Tak kak p > 1, TO JaHHBIN psI CXOIUTCH.

IHpumep S. C mOMONIBI0O HHTErPAIBHOTO MPU3HAKA JOKA3aTh CXOAUMOCTh

psana
=1
25

o no o+l
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OOmmii wieH psjga a, = 5 = f(n). 3anuceiBasg B 3T0N (opmyre x
n” +1

BMECTO #, mojiydaeM (QyHKuuio f(x)= . Ota QyHKIUS YIOBJIETBOPSET

x°+1
YCIOBUSIM MHTErpPajibHOIO IIPU3HAKa: OHA MPUHHUMAET IOJIOXKUTEIIbHBIE

3HAUCHUS U YOBIBAET C BO3pacTaHueM Xx. Boraucium
+ 00

J‘ dx
x2 +1

1
Tak Kak HHTErpajl CXOAUTCS, TO CXOAUTCS U JJAHHBIN PSI.
3ameuanue. CXOOUMOCTh [AHHOTO PSAa MOXHO JOKa3aTh TaKxke II0

o0
1
BTOPOMY INpPU3HAKy CPaBHEHUs, B3sB Ui CpaBHEHUs psan upuxie Z—z,

n=11

+ o0

= lim arctg x —arctg1=

T
=arctg x —
X—>+00 2

T_Z
4 4

CXOASIINNACS, TaK KaKk p =2 > 1.
IIpumep 6. C nmomomuisio npusHaka [lanambepa BBISICHUTD, CXOAUTCS WIIN
pacxonuTCs P

OOmwii uneH pajga a, = . 3ameHss Bcroay n Ha (n + 1), moiyyum:

n+l
= (n1+1) . Haxonum:
2" (n+1)!
an+1:(n+1)”+1-2”-n!:(n+1)":l(l 1)”.
. 2"+l 2.a" 2 n)’
lim “”“:lnm(ul) =§.

n—wo aq, 2 n—o n

a,

a

e
Ho e > 2, 3nauwr, > > 1, orkyna, corjmacHo npusHaky JlamamOepa, psin

pacxoaurcs.
Ipumep 7. Ilpumensas npusHak Komwu, wmccnenoBaTh, CXOAUTCS WU

pacxoauTcs psa
i(% + ljn
2n—1)

n=1
3n+1)”
2n—1)

) 3n+1)" 3n+1
an:n e ;
2n—1 2n—1

OOmwii el psaga a, = (
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3+l

lim 2/a, = fim 2L fim =3
n—>w n—w 2n —1 n—)ooz_l
n

3
Tak Kak 1npenen 5 > 1, To, cornacHo npuszHaky Ko, psii pacXoauTcs.

3aMeuanue. PacxoauMMoOCTh 3TOro psijia MOXKHO JoOKazaTh HHaye. Psp
pacxoaMTCs, TaK KaK HE BBITIOJIHEH HEOOXOAMMBIN ITPU3HAK CXOJMMOCTH:

1 n

§3. 3nakonepeMeHHbIE PSI/bI.

YUucnoBou psiji, COAEPKAIMMN KaK MOJI0KUTEIbHBIC, TAK U OTPULIATEIIbHBIE
YJIEHBI, Ha3bIBACTCS 3HAKOTIEPEMEHHBIM.

o0
IlycTh 1aH 3HaKONepeMeHHbIH P Z a, (1)
n=l
PaccmoTpum psia (2), cocTaBieHHbIH U3 a0COJIOTHBIX
BeJIMYHH YWIEHOB JJAHHOIO psjia:

o0
Z‘an‘:‘a1‘+‘a2‘+...+‘an‘+... (2)
n=1

Ecau psan (2) cxonures, To cxoaurcs u psia (1). Pax (1)
B 3TOM CJiy4ae Ha3bIBaeTcs A0COJTHTHO CXOASIIUMCS.

Ecnu psan (2) pacxoguTcsi, TO U3 3TOTO HE CIIEyeT, BOOOIIE TOBOPS, UTO U
(1) pacxomutcs: psax (1) MoKeT oOKa3aTbCs KaK CXOJSIIMMCS, TaK U
pacxoasmmmcs. Bo3moxken ciydait, korna psan (1) cxoaures, a (2) pacxoaurcs;
torna psija (1) Ha3pIBaeTCs yCIOBHO (HEaOCOMIOTHO) CXOSIITIMCS.

Ilpu3Hak JleilOHMIA 115l 3HAKONIEPEMEHHBIX PS/IOB.

Ecau 4ieHbl 3HaKo4Yepeayouerocs psjaa

i(—l)" ca,=a;—ay +..+(=)"-a,+.. (a,>0) (3)
n=l

1) MOHOTOHHO YOBIBAIOT IO a0COJIIOTHOM BeJIMYNHE:
a,,<a, (m=123,..)

2) u crpemsTcesd K HyJ1o: lima, =0,
n—o
1o paa (3) cxoauTcs, CyMMa e€ro S MOJO0KHUTEJIbHA M He TMPEeBOCXOAMUT
NepBOro YwieHa psija:
0<S<a.

Ecnu 3HaKo4YepeayOnMics psl HAYMHACTCS C OTPULATEIbHOIO YJICHA:
—ay+a, —az+.. (a,>0),
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U JUIsl 3TOTO Psiia BBINIOJHEHBI yciioBUA 1) u 2) Teopemsl JleliOHMIA, TO U TaKou
pPSA CXOAMTCS, CyMMa €ro S OTpuLaTelbHa U YOBIETBOPSET HEPABEHCTBY
—a; <5<0.

[Ipu 3amene cymmbl S psiiga, yAOBICTBOPSIONIETO
npusHaky JIeliOHMIIa, CyMMOM 7 €ro nepBbIX 4JI€HOB (S),)

a0CoNIOTHAsI BEJIMYMHA OIIMOKH ‘I"n‘ HC IIPCBBINACT

aOCOJIIOTHOTO 3HAYEHHUS TEPBOrO U3 OTOPOIICHHBIX
YJICHOB:

‘rn‘ S‘anﬂ‘.
3HaK OMOKY (3HAK 7, ) COBIAAAET CO 3HAKOM IIEPBOrO U3
OTOPOIIEHHBIX WIEHOB. 31¢ech 7, =5 — .5, (cM. §1).

© o ayn+l
—( 1) :1—l+l—+(—1)n+ll+a
n 2 3 n

IHpumep 1. Pan
n=1
Ha3bIBaeMbIN psjioM JlelOHuila, cxonurtcst mo mnpusHaky JleiOuuma. B 1o ke
BpEMS Psijl, COCTABJIECHHBIN U3 a0COIIOTHBIX BEJIMYUH €r0 YWICHOB

1 1 1 1
Z—:1+—+—+...+—+...

- n 2 3 n
n=l1

pacxonutcs (rapMoHudeckuil psn). Takum oOpazom, psia JleiOHua — yCI0BHO
(HeaOCOJIIOTHO) CXOASAITUNCS PA/I.
00 (_ 1)I’l+l
Ilpumep 2. Psan Z—p (p>0)
n=l h
4)
ABigeTcs 3HakouepenyomuMmes. Ilpuy p > 0 OH yJOBIETBOPSET YCIOBHIM
npusHaka JleiOHuma:

) PRI S S
(n+1)?  n?

2) lim —— =0

n—)OOnp

H, CJICA0BAaTCIbHO, CXOOUTCA.
Ecnu 3aMeHnTh BCe WieHBI NX a0COTIOTHRIMHU BCIIMUMHAMU, ITOJIYIUM PO

Hupuxie:
y L
n=1 np ’
KOTOpBIM cxoautcsa npu p > 1 u pacxomurcs mpu p < 1 (cMm. §2). Takum

obOpazom, psg (4) mpu p > 1 cxoautcs abcomotHo, a ipu 0 < p < 1 cxoautcs
YCIIOBHO.
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o0

sinn
IIpumep 3. JlokazaTb CXOOUMOCTH psija Z

n3

n=l1
CocTaBumMm pAn U3 a0COJIFOTHBIX BEJIMYMH YJIECHOB JaHHOTI'O psAna, T. €. pAn

= ‘sinn‘ ‘sinl‘ ‘sin2‘ ‘sinn‘
Z 3 = 13 + 23 +...+n—3+... (5)

n
n=1
Tak kak |sin n| < 1, To Kaxapli wieH paga (5) He MNpeBbIIIACT

COOTBCTCTBYIOIICTO YJICHA pPsAda

o1 11 1
Z—3=—3+—+...+—3+... (6)
parl ! 1 n

B!
Pan (6) sBasiercs psiaoM Jdupuxiie, T. €. psiioM BUAA Z—, rae p = 3. Tak kak
n=1 1 P
p > 1, o pag (6) cxogutcs. CorsacHO EpBOMY MPHU3HAKY CpaBHEHHUs, psan (5)
Takxke cxomutrcsa. Torma, mo TeopeMe 00 aOCOMIOTHOM CXOAUMOCTH, JAHHBIM
3HAKOIIEPEMEHHBIN PsAJI CXOAUTCS A0COIHOTHO.
IIpumep 4. CKOJIBKO YJICHOB psija

o0 n
Z:(—l)”+1 -%:1—%+%—%+."+ (_13) +...
p n 27 3 4 n
HY>KHO B3$ITh, YTOOBI BBIYMCIIUTH €M0 CYyMMY C TOYHOCTHIO 10 0,0017
JlaHHBINA psijg ABISETCS 3HAKOYEPEIYIOUIUMCS PSIIOM, YIOBIETBOPSIOIINM
BCEM YCIIOBUSIM TIpu3HaKa JlelOuuia:

1>L>L>i>...; limL:O.
23 7337 43 o0 3
CrnenoBaTenbHO, JaHHBIN P CXOIUTCS, PUTOM a0COFOTHO.

UTtoOBl BBIYMCIUTHL CYMMY 3TOTO psiia ¢ YKa3aHHOW TOYHOCTBIO,
HEO0OXO0JIMMO HAWTH TaKOW 4jieH, abCOJIOTHAs BEIWYHWHA KOTOporo meHbie 0,
001, 1. e.

L<O,001 W n° >1000, unave roBops, n > 10. CnegoBareibHO, HYXHO

n3

MpOCyMMHUPOBaTh 10 MEpBBIX WICHOB JAHHOTO psija. Tak Kak

1
all - _3 < 0,001,
11
TO IMOJYy4YaCM CICAYIOIIYIO OLICHKY IJIA OLINOKU:

"’10‘ <ay; <0,001.

Ipumep S. MccnenoBars, CXOAUTCA WM PACXOAUTCS PAJL

i(—l)”+1 -(1 +1jn .
n=l1 n

JlaHHBIH psi 3HaKOUEpeayomuica. AOCOIIOTHAS BEJIMYMHA €T0 O0IIEero djieHa

a, =(1+lj :
n

[Tockombky
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n
lima, = 1im(1+l] =e,
n—»0 n—0 n
T. €. OOl YJieH psiia K HYJIIO HE CTPEMHUTCH, PAJ PACXOAUTCS (HE BBINOIHEH
HEO0OXOAUMBIN MPU3HAK CXOAUMOCTH).
B 3axmtouenne Tembl "UHcCiOBBIE pAnbl' HAallOMHHUM, KAaKW€ NPU3HAKU
CXOIMMOCTH MOXHO IPUMEHATH K PSAaM C IIOJIOKUTEIBHBIMU YJIECHAMHU, U

KaKHC — K 3HAKOIICPCMCHHBIM pPAdaM:

‘ Heo0xoauMblii IpU3HaK CXOAUMOCTH |

| Psimsi ¢ HOJ’I‘O)KI/ITGJ'IBHBIMI/I WICHAMH | | 3HaK0nepeMe}‘1HHe psimel |
[Tpu3Haku cpaBHEHUS Teopema JleitoauIa
[Tpusnak /JanamGepa (3HaKOUYEpETYIOIIUECS PSIIbI)
[Tpuznak Ko Teopema 00 abcomOTHOM
WHTerpalibHbIN PU3HAaK CXOAMMOCTH
(3HaKOMEPEMEHHBIE PSIbI)

I1. CTEIIEHHBIE PAbI
§1. CxogumocTh PyHKIMOHAJIBHBIX PSAIOB.

Psan

0
Zun(x):ul(x)+u2(x)+...+un(x)+... (1)
n=l1
Ha3bIBaeTCAd (DYHKIIMOHAIBHBIM, €CIIM €r0 WICHBI SBJISIOTCS (DYHKIUSMHU OT
apryMeHTa X.
IIpn xaxaoM (UKCUPOBAHHOM 3HAUEHUM X = X, (DYHKIMOHAIBHBIN Psl

(1) cTaHOBUTCS YHCIIOBBIM PSJIOM

o0

D 1, () =1 () + up () + 10, (3x0) + . )

n=1
Ecmu psan (2) cxomgures, TO X, Ha3bIBaeTcid TOUKOM cxoxumoctd psana (1).

COBOKYITHOCTh BCEX TOUYEK CXOAMMOCTH X (QyHKIuoHaIbHOTO psiga (1)
HA3bIBAETCA €T0 00JIACThIO CXOJUMOCTH, a (PYHKITUS

S(x) = lim S, (x) = lim ) uy (x)
n—>0 n—>0 =1

— CYMMOM JaHHOTO psana. OyHKuus
r, (x)=5(x) - S, (x)
Ha3bIBaeTCs ocTaTKoM psija (1).
Ecim psan (2) pacxomurces, TO 3HAYEHUE X, HA3bIBAETCA TOYKOU

PaCXOIMMOCTH Psizia.
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B nmpocreiimmx cnyyasx Ais onpeaesneHus o0nactu cxoaumoctu psiaa (1)
MOYHO IIPUMEHATh K HEMY W3BECTHBIC IPU3HAKU CXOAUMOCTH YUCIIOBBIX PSIOB,
cuuTast X PUKCUPOBAHHBIM.

§2. CreneHHsblie paabl.

CreneHHbIM PAOAOM HA3bIBACTCA (bYHKIII/IOHaJILHBIﬁ paAa BUOA

o0 e}
Zun(x)=2an (x—a)"=ap+a(x—a)+..+a,(x—a)" +..., (1)
n=0 n=0

rne a, (n=20,1, 2, ...) — uducna, Ha3piBaeMble Kod(pduuuentamu psja. Ilpn
a = 0 psAx IpUHUMAET BUJ

o0
Zan X" =ay +a;x +a,xt .o +a,x" +... (2)
n=0

Teopema Adess.

1) Ecom psaa (2) cxopurest npu x = x, # 0, TO OH a0COJIOTHO CXOAUTCH

NPH JI0OOOM 3HAYEHUH X, YAOBJIETBOPAIOIIEM HEPABEHCTBY \x\ < \xo
2) Ecim psa (2) pacxoauTest MpU X =X;, TO OH PAaCXOAUTCA U NPH

JIO00M 3HAYEHUH X, AJ KOTOPOTO ‘X‘ > ‘xl

OO0slacTh CXOIMMOCTM CTENEHHOro psina (2) ecTb CUMMETPUYHBIN
OTHOCUTEIbHO Havasia koopauHaT O wuHTepBal (—R, R), Ha3bIBaeMBbIii
uHTEpBAIOM cxomumocTu psga (2). Yucno R (0< R <+o) Ha3bIBaeTCA
panyCcoM CXOJAMMOCTH psaa (2).

Panuyc cxogumocT MOXKET OBITh BEIYHCIIEH TIO (JopMyIam

R = lim|-2n 3)
n—=0id, |
NIIn
R=lim 4)

CrenenHod psn  (2) BHYTpU MHTEpBaIA CXOJUMOCTH  CXOAMTCS
abcomtoTHO. BHe nHTepBana cxoaumoctu psia (2) pacxoaures. Ilpu x = —R win
X=R psan (2) MOXKeT O0Ka3aTbCsl PACXOISAIIMMCS, CXOISAIIMMCS YCIOBHO WM
CXOASIIUMCS a0COIIOTHO.

Crenennoii psj (1) cxonurcest abCOMIOTHO HA HHTEPBAJIE

(a—R,a+R).

Ha BcsikoM oTpe3ke, HENMKOM JIEKaleM BHYTPU UHTEPBaJIa CXOIUMOCTH,
CyMMa CTEIIEHHOI'O psijia €CTh HeNpepbIBHAS (DYyHKIUS.

Ecniu mnpenensl uHTErpupoBaHus o, [3 JexaT BHYTpU HMHTEpBajia
CXOJUMOCTH CTENEHHOTO psifa, TO ONpPEAEIEHHBII MHTErpajl OT CyMMBI psjia B
ITUX IpelesaX paBeH CyMME TaKUX K€ MHTErpaJioB OT WICHOB psiaa. MHTepBan
CXOJUMOCTH HOBOT'O pPsiZIa OCTAETCS MPEKHUM.

Ilycts

S(X)=ag +ax+a,x* +..+a,x" +..
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— CTENEHHOW psJl, UMEIOUIUI HHTEepBal cxoauMocTu (—R, R). Torna psin
P(X)=a, +2a,x +3a3x* + ...+ na,x"" + ...
CXOJUTCSl HA TOM K€ MHTEpBaje, U ero cymma @(x)=.S"(x) npu ‘x‘ <R.
[IpocTeiimuM MPUMEPOM CTEMEHHOTO pPsifa SIBISIETCS TeOMETpUYecKas
nporpecenst 1+x +x” +...+x" +.... DT0oT pax cxoamres mpu |g| =[x <1.

CrnenoBaTenbHO, IS JAHHOTO Psiia panyC CXOAMMOCTH R = 1, a mHTEpBaIOM
cxoauMocTH siBisiercst uaTepsai (—1, 1 ). Cymma sToro psina paBHa

S(x)zl_lx

(B cOOTBETCTBUU C (PopmMyJioi S(x)zla , a =1, g = x). lloatomy s

1 .
bynkuun S(x) =—— UMeeM CIeayIolIee Pa3IoKeHHE B CTETICHHON PSil;:
1 2 n
1—:1+x+x +o+x" o (4 <) (5)
— X
IIpumep 1. Haiitu paguyc 1 HHTEpPBaAJI CXOJIUMOCTH CTEIIEHHOTO psijia

o0
xl’l

.
el n:

[Tpumenum dhopmyiy (4):
fim || = lim |- = fim(n+ 1) = oo
n—®0 an+1 n—>w n' (n =+ 1)' n—>o0

R = o0, 3HAUUT, P CXOAUTCS MIPHU BCEX X, T. €. B UHTEpBAJIE (— 0, + 00). 3aMeTuM
n

o . X
I JAJIBHCUIICTO, YTO U3 CXOJAUMOCTHU psAJia BBITCKACT: lim —' =0 ITIpH BCCX X.
n—»o n!

IIpumep 2. Haiitu 06:1acTh CXOAMMOCTH CTEIIEHHOTO psifia

o0

n"
—'X .
el n'

Panuyc cxonumocTu HaiaéM o mpusHaky Jlanambepa:

. ".(m+1! .
R:hmw:hm n+l1 :l.
n—wo p '(I’l + 1)”+1 n—>00 1 n e
(1 + j -(n+1)
n
1 1
Takum o0pa3oMm, psa CXOOUTCS Ha HHTepBale ——<x<—. MHcenemyem
e e

CXO0AUMOCTD pAAda Ha KOHIIaX MHTCpBaJIa:

0 n n
n 1
1) Ha neBom KOHII€ psAJi IPUHUMAET BU]L Z—' . (— —j , T. €. SIBJISIETCA
n

n=1 C

n

3HaKouepeAyrmumMcs. AOCONIOTHAs BeIWYMHA €ro oOILIero 4wieHa C

n'le”
yuétoM (opmyisl Ctupiuara (cTp. 4) SKBUBAJICHTHA MPU # —> OO
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& = 21 —0.
n n
27zn-(nj e
e

ITo Teopeme JleiOHMIIA, psig HA JICBOM KOHIIC HHTEpBaIa CXOI[I/ITC}I
I’l
2) Ha npaBom KOHIIe HHTEpBaja psii IPUHUMAET BU]I Z ;

. 1n'e
n" n" 1
a. = ~ =
n
n'e}’l n n ) 1272_ n1/2
27n | — | -e
e

1 .
210 — psan dupuxiie npu p = 5 IIO3TOMY JTaHHBIN PsAJI HA IPABOM KOHIIE CBOETO

WHTEpBaIa CXOJAUMOCTU PACXOIUTCS.
Takum o0OpazoM, o007aCTh CXOJAMMOCTH psiia €CTh IMPOMEKYTOK

§3. Pan Teitsopa.

[Tycts ¢dynkmus f (x) uMeeT Ha HEKOTOPOM OTpPE3Ke HEMpPEephIBHBIC
MpOU3BOJIHbIE 10 (17 + 1)-ro mopska BKIIOUHMTEIBHO, @ TOYKA d HAXOJUTCS
BHYTPH 3TOTO OTpe3ka. Torma ams a000ro X M3 A3TOTO OTpe3Ka MMEET MECTO
dbopmymna Teitnopa:

' (n)
f@=f@+ 22— gy r, @, W
IJie OCTaTOYHbINA WieH R, (x) MOXKET OBbITh 3allMCaH B BUJIE
Ry =L ) gy @
" (n+1)!

(bopma Jlarpanxka), mpudém & JISKUT MEXKIY a U X.

OuyeBUIHO, YHCIIO { MOXKHO 3amucaTh Takxke B Buae a + 0 (x — a), rae
0<0<1.

B cnydae a = 0 popmyna Teinopa npuHUMAaET BU:

(”)
f =0+ 29 (O) o ()x LR, (), 3)

Tac

fUOx)
Rn(x)——(n+1)! X (0<0<1).

®opmyna (3) HocuT Ha3zBaHue GopmMysibl MakiiopeHa.
Ecmu dyskmus f(x) uMeeT mpou3BOIHBIE BCEX MOPSAKOB HA HEKOTOPOM
OTpe3Ke, COJIepKAIeM BHYTPHU CeOsl TOUKY @, U BHITIONHSACTCS YCIOBHE

4)
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lim R, (x)=0 (5)

n—»0
JUIS BCEX X W3 YKa3aHHOTO OTpe3Ka, TO (PYyHKIMS Ha 3TOM OTPE3KE SIBIISCTCS
CYMMOM CTEIEHHOTO psAIa

J)=fa)+—— (x—a)" (6)

DTOT psAJ HAa3bIBAETCS PAAOM Tel‘/’mopa JUISL JAHHOU (byHKuHH.
B ciiyuae a = 0 pan Teisopa npuHUMaeT BUA
0 ™ (0
f(x)=f(0)+ ) ( ) +...+&x”+... (7)

n!

f! ( ) f(”)( )

x—a)+..+——

DTOT psAZl HA3BIBACTCA PSAIOM MamopeHa JUTSI TaHHOU (DYHKITHH.
Paznoxenune (yHKIMU B CTENEHHOW psA €IUHCTBEHHO, T. €., ©CIHU
byHkIus f(x) pa3inoxkeHa KaKuM-I1u00 00pa3oM B CTENIEHHOM Psify

f(X)=ay+a(x—a)+..+a,(x—a)" +...,

S (a)
TO a, ="———.
n!
®opmanbHo psa Teimopa MOXHO HamucaTh JUIsl BCAKOW (DYHKIIMH,
KOTOpasi B OKPECTHOCTH TOYKH @ HWMEET NPOW3BOIHBIC JIFOOOTO TMOpSIIKA.
OpnHako ATOT psAnx OyAeT CXOAWTHCS K MOPOAMBIICH ero (PyHKIHUH f (X) TOIBKO

OpU TEX 3HAYEHUSAX X, IPU KOTOPBIX OCTAaTOYHBIK wieH R, (x) mpH

HEOTPAHUYEHHOM BO3PACTAHUU /1 CTPEMUTCS K HYJIIO.

Jlist paznoskeHus: fJaHHOU QyHKIHH B psan Teinopa Hy>KHO:

1) Hanucate psig Teitnopa myist naHHON QYHKIMH, T. €. BBIYUCIHUTD
3HAYCHUS 3TON QYHKIUU U €€ IPOU3BOIHBIX MPHU X = @ U MOACTABUTH UX B
oO1iiee BeipaxkeHue psa Teitnopa (6);

2) uccnenoBaTh OCTaTOYHBIN 4ieH R, dopmynsl Telnopa 1 JaHHOM

(GyHKUMU U OTPEJICAUTH T€ 3HAYSHUS X, IPU KOTOPBIX MOTYUYEHHBIN psiJ

CXOJUTCS K JaHHOM (YHKLHUH, T. €. IpU KOTopbIX lim R, (x)=0.
n—»00

[Tpu pa3noxkeHUN PYHKIHHA B CTENEHHBIE PSIIbI YaCTO UCHOIB3YIOTCS
paznoxkeHus B psii MakiiopeHa cieayronmx (pyHKIui:

o0 n 2 n
e = et (-0 < x < +00) (8)
~ n! 1 2! n!
VRN
sin x = =X——+——-——+... (—o<x<+4+o) (9
;( o (2 -1)! 3151 7! ( ) ©)
2 4 6
X X X
COS X = ——+———+4+... (—o<x<+4® 10
HZ;( o (Zn)' 2! 4! 6! ( ) (10)
2 3 4

In(1+x)= Z( 1)"1’“” - —%+%—%+... (~l<x<l)  (11)
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-1 —D...(a - 1
@ al@=l) > a@-D.(a-n+l) ,

1+ x) :1+1—!x Y py (-l<x<1)
(12)
" —l4+x+x2 4+ +x"+... (-l<x<]) (13)
— X
1 =l-x+x2 =X+ 4+ (=D X"+ (l<x<]) (14)
I+x

B cko0Okax yka3aHbl IPOMEXYTKH, HA KOTOPBIX BEPHBI JaHHBIC PA3JI0KCHUS.
IIpumep 1. Paznoxuts B psinm Maknopena dyHkuuwo f (x) = arcsin X,

1
UCIIOJIb3YSI pas3siokeHue QyHKIUN

1—x

1
Paznoxum —— B pix Makiiopena, Uisi 4ero BOCIOJIb3yeMCS

1—x

. . 1
dbopmynon (12), 3aMeHUB B 3TOil popmyse x Ha —x? ¥ IONOXKHB a:—E.

[Tomyuum:

1 :1+lx2+1'3x4+‘”+1‘3'5'...'(21’l—1)x2n

J— 2 27 2.4 2-4-6-..-2n

Otot pan cxoautes npu |x| < 1. MHTEerpupys ero mo npomexyTky [0, x], rae
0 <x <1, Haxogum:

J‘ﬁzj‘ 1+lx2+£x4+... dx=
2 2 2-4

o V1—x

+ ...

1 x* 13 x° 1-3-5-...-2n—1) x>
=X+——+——+..+ . +
2 3 2 5 2:4-6-...-2n 2n+1
¢ dx :
Tak kak J ——— =arcsin x, TO
0 1-x2

1-3-5-...-2n—1) x>
+ : +
2:4-6-...-2n  2n+1
[Tonyuyennslii psg cxogutes npu |x| < 1 (cMm. §2).

. 1
arcs1nx:x+g-x3 + ...

§4. IlpuinoxkeHust CTeneHHBIX PSI0B.

Panpl mMpoOKO HCMONB3YIOTCA B NPUOMMKEHHBIX BbhIUUCIEHUsAX. C
HOMOIIBIO PSAOB C 3aJaHHOW TOYHOCTHIO MOYKHO BBIYMCIIUTH 3HAUECHUS KOPHEH,
TPUTOHOMETPUYECKUX  (QyHKUMH, JorapudmoB  uuced,  ONpeAeIEHHBIX
UHTETpaioB.  Psapl  mpuMeHstoTcs — Takke  OpU  UHTETPUPOBAHUU
g depeHInaIbHbIX YpaBHEHUI.

WUuterpupoBanue  MHOrux  auddepeHIUaNbHbIX  ypaBHEHMHA  HE
OPUBOJUTCS K KBaJpaTypaM, a UX PEUICHHs] HEe BBIPAXKAIOTCS B 3JEMEHTAPHBIX
¢yHkmusax. PemieHuss HEKOTOPHIX H3 OTHX YpaBHEHHA MOTYT  OBIThH
NPEJCTaBICHbBl B BHJIE CTENCHHBIX PAIOB, CXOIAIIUXCA B ONPEACTEHHBIX
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WHTEpBaNax. Psm, sistontuiics pemeHueM auddepeHnnanrsHOTO ypaBHEHHS,
MOXHO HaWTH WM CIHOCOOOM HEONPEACIEHHBIX KOI(PPUIIMCHTOB, WIH
crocoOoM, OCHOBaHHBIM Ha mpuMeHeHuH psjaa Teinopa (Makiopena). Crioco6
HEONpeACNEHHBIX KOA(DPUIUEHTOB OCOOCHHO yA00€H B NPUMEHEHHH K
JIMHEWHBIM YPaBHEHUSIM.
1/4
IIpumep 1. Beruucnuth uHTErpan J. dx ¢ Tounoctso 1077,

0
Pa3noxxuM moabIHTETpaibHyI0 (GYHKIHMIO B paa MakiopeHa, Ay 3TOro B

2
OCHOBHOE pasznoxkeHue (8), §3 mojacraBuM — x~ BMECTO X:

2 4 2n
_ x° X X
e =l-—+"—— .+ ()" —+.. (mo<x<+©).
12! n!
OTOT P MOXKHO I/IHTerI/IPOBaTB B JIIOOBIX KOHEYHBIX Ipejenax, T. €.
1/4 1/4 o a ) 1/4
I dx—IZ( pr X Z j 20 g =
0 o n=0
1/4
B i (_l)n x2n+l ‘ B i (_l)n
' N 2n+l
= n! 2n+1‘0 “nl-2n+1)-4
[Tony4deHHbIN YUCIIOBOU pAan €CTh 3HAKOYEPEAYIOIIUICS,

YIOBIIETBOPSIONIUHN YCIOBUAM Teopembl JIeHOHUIIa, TOATOMY €CJIH MBI BO3BMEM
JUIS BBIYMCJICHUM HECKOJIbKO TEPBBIX YJICHOB Psijfia, TO OIIMOKa, KOTOpasl MpH
3TOM OyAeT cjenaHa, He NPeB30UIET aOCOMIOTHOM BEJIWYMHBI TMEPBOTO U3
OTOPOILIEHHBIX YJIEHOB.
3ameyaeM, YTO TPETHUM YJIEH psaa
: L 10,

21.5.45 10240

CJIe,Z[OBaTCHBHO, YTOOBl BBIYHCIIHUTH HHTCIpall C€ TOYHOCTBO [0 10_4,

A0CTAaTOYHO B34ATh BCCTO ABA YJICHA pPAdA. C Tpe6yeM0ﬁ TOYHOCTBIO
1/4

j 3P WL B S SOV
O 4 113.43 4 192

IIpumep 2. HaiiTu nepBble MATH YWIECHOB PA3JIOKEHHUS B DS PELICHUS
1
ypaBHEHUS )'= X+ yz, YAOBJIETBOPSIOLIETO YCIOBUIO ) = 5 npu x=0.

HckoMoe penieHue 3anuiiem B Buae psaaa Makiopena:

(0 "0 "o (n)
J’(x)=J/(0)+y()x+y ()x2+y ()x3+...+—y (O)x”
I! 21 3 nl
Haiiném BbIpakeHus ajig TpPEX MPOU3BOJHBIX, AUDPEpEHIUPYS HCXOTHOE
ypaBHEHHUE:

:2x+2yyv’ yvu:2+2.(yv)2 +2yyu’ ( ) _6yy +2yyuv
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Brerauciaum 3HaueHUS ATHUX IMPOU3BOJHBIX IIPpHU X = 0, I[IpUHUMAsA BO BHHMAHHC

1
HadajbHOE yciioBue y(0)=— M JaHHOE ypaBHEHUE y'= x2 4y , OTKyJa
y y > yp Yy Y y

2
1 1 11 1
'0)=0+|=| == y'"(0)=2-0+2-—-—=—;
¥'(0) (J 2 V(0= 2 12
P'(0)=2+2- L +2. 1 l 19, (4)() l Q:E
42 2 4 8’ 4 8§ 8 4

[ToxcraBnss 3Ty 3HaueHUs B psia MakiiopeHa, rmojayyaem:
I 1 I , 19 5 11 4
yxX)=—+—x+—x"+—x +—x +..
2 4 8 48 96



